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Macroscale thermal models for biological tissues can be developed either by the mixture theory of

continuum mechanics or by the porous-media theory. Characterized by its simplicity, the former

applies scaling-down from the global scale. The latter uses scaling-up from the microscale by the

volume averaging, thus offers the connection between microscale and macroscale properties and is

capable of describing the rich blood-tissue interaction in biological tissues. By using the porous-media

approach, a general bioheat transport model is developed with the required closure provided. Both

blood and tissue macroscale temperature fields are shown to satisfy the dual-phase-lagging (DPL)

energy equations. Thermal waves and possible resonance may appear due to the coupled conduction

between blood and tissue. For the DPL bioheat transport, contributions of the initial temperature

distribution, the source term and the initial rate of change of temperature are shown to be inter-

expressible under linear boundary conditions. This reveals the solution structure and considerably

simplifies the development of solutions of the DPL bioheat equations. Effectiveness and features of the

developed solution structure theorems are demonstrated via examining bioheat transport in skin tissue

and during magnetic hyperthermia. VC 2011 American Institute of Physics. [doi:10.1063/1.3580330]

I. INTRODUCTION

The study of heat transport in biological tissues has

always been and will continually be a significant but difficult

problem. It is well recognized that the change of local temper-

ature has considerable effect on the rates of nearly all physio-

logical functions1,2 so that many therapeutic or diagnostic

procedures target temperature as a primary controlling or

monitoring parameter, such as hyperthermia,3 cryosurgery,4

laser irradiation,5 and temperature-based disease diagnostics.6

Unfortunately, accurate quantification of bio-transport proc-

esses is rather difficult due to the complex thermal interaction

between vascular and extra-vascular systems. The complexity

comes from several factors peculiar to living tissues, including

the intricate anatomical structure, the blood flow in vessels,

and the blood perfusion. More sophistically, these factors are

sensitive to outside influence such as temperature.

Some proposed bio-transport models inclusive of all

early models regard the tissues of interest as a continuum in

which the large number of vessels are collectively accounted

to avoid considering the microscopic anatomical structure.

The governing equations are for the macroscopic temperature

field with several source terms describing the thermal interac-

tion between blood and surrounding tissues (e.g., blood con-

vective heat transfer and blood perfusion) as well as the

production and external supply of heat (e.g., metabolic heat

generation and external heat supply during therapeutic proce-

dures). This is consistent with our general interests in the phe-

nomenological scale (macroscale) rather than molecular scale

or microscale of heat transport for practical applications.

The development of a bioheat model by using the con-

tinuum approach is based on the macroscale point equation

of energy conservation:

@ qcTð Þmac

@t
¼ r � qmac þ qm;mac þ qc;mac þ qp;mac þ qe;mac;

(1.1)

where the subscript mac is used to indicate the macroscale

properties. q and c are density and specific heat, respectively.

T denotes the temperature and t the time. q denotes the heat

flux density vector. qm, qc, and qp are the volumetric rates of

heat generation by the metabolic heating, the blood convec-

tive heat transfer and the blood perfusion, respectively. qe is

the volumetric rate of external heat supply like the one used

in hyperthermia therapy. Two major issues are thus: (i) the

selection of the constitutive relation of heat flux density, and

(ii) the expressions of the source terms to describe the inter-

action between blood and surrounding tissues. Note that the

temperature of the extravascular tissues is often identified as

the temperature of the continuum based on the argument that

blood occupies only a small portion so that it has little effect

on the continuum’s temperature.

As the first constitutive relation of heat flux density, Four-

ier’s law [Eq. (1.2)] has been used to build macroscale bioheat

model since the pioneering work of Pennes.7

qðr; tÞ ¼ �krTðr; tÞ; (1.2)

where r stands for the material point, k is the thermal con-

ductivity, and r is the gradient operator. Some other models

were also proposed by assuming Fourier heat conduction,

but with different descriptions for the blood-tissue interac-

tion. The Fourier’s-law-based bioheat model reads:

@ qcTð Þmac

@t
¼ �r � krTð Þmac þ qm;mac þ qc;mac

þ qp;mac þ qe;mac: (1.3)

Table I summarizes the expressions of the four source terms

in Eq. (1.3) in the typical continuum models proposed bya) Electronic mail: lqwang@hku.hk.
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Pennes,7 Wulff,8 Klinger,9,10 and Chen and Holmes.11

Pennes7 neglected the convective heat flux qc based on the

assumption of very low blood velocity and postulated that

heat transfer between blood and surrounding tissues mainly

occurs in the capillary bed so that the blood perfusion heat

flux qp can be modeled as an isotropic heat source which is

proportional to the blood perfusion rate and the temperature

difference between the local tissue and the arterial blood sup-

ply. Wulff,8 Klinger,9,10 and Chen and Holmes11 questioned

Pennes’ assumptions, included the convection heat flux in

the models and thus considered the effects of blood flow

direction on bioheat transfer processes.

With the development of high-intensity and extremely-

short-duration heating technologies, the hypothesis of infinite

heat propagation speed in the Fourier’s law becomes unac-

ceptable. Cattaneo12 and Vernotte13,14 proposed the so-called

CV constitutive relation:

q r; tð Þ þ sq
@q r; tð Þ
@t

¼ �krT r; tð Þ; (1.4)

where sq > 0 is a material property called the relaxation

time. The CV relation is a first-order approximation of the

single-phase-lagging model15

q r; tþ sq

� �
¼ �krT r; tð Þ (1.5)

according to which the temperature gradient established at a

point r at time t gives rise to a heat flux vector at r at a later

time tþ sq. The corresponding heat conduction equation by

applying the CV constitutive relation to Eq. (1.1) is usually

called the thermal wave model of bioheat transfer (TWMBT)

or the hyperbolic bioheat model, which is of hyperbolic type,

characterizing the combined diffusion and wavelike behavior

of heat conduction and predicting a finite speed of heat prop-

agation.16 In the existing TWMBT, the source terms in Eq.

(1.1) are usually treated similarly as the Pennes model:

neglecting the convection heat flux and including an iso-

tropic blood perfusion source.17–19 Assuming constant physi-

cal properties, the model has the form of

1þ sq
qcxð Þbmac

qcð Þmac

" #
@Tmac

@t
þ sq

@2Tmac

@t2

¼ amacr2Tmac þ
qcxð Þbmac

qcð Þmac

Ta
mac � Tmac

� �
þ 1

qcð Þmac

1þ sq
@

@t

� �
qm;mac þ qe;mac

� �
(1.6)

where a is the thermal diffusivity. xb and Ta, as defined in Ta-

ble I, are blood perfusion rate and arterial blood temperature,

respectively. TWMBT has been applied to analyze different

types of bioheat transfer processes, such as the temperature

variation in radio frequency heating and pulsed laser treat-

ment,19 the temperature and thermal dose distributions in living

tissues during thermal therapies,18 the prediction of thermal

stresses in skin during cryopreservation,20 the temperature and

thermal damage distributions in skin tissue under different

heating conditions.17,21–23 Based on the reported experimental

values of sq for biological systems, which can be up to more

than 10 s so that much larger than that of the ordinary homoge-

neous materials (on the order of 10�14 � 10�8 s)24,25 TWMBT

usually gives different predictions from Pennes model on the

thermal behavior of living tissues when the time scale of inter-

est is no more than the order of a few seconds.

While the CV relation only takes account of the fast-

transient effects, the dual-phase-lagging (DPL) constitutive

relation includes the micro-structural interactions as well as

the fast-transient effects26,27

q r; tþ sq

� �
¼ �krT r; tþ sTð Þ: (1.7)

According to this relation, the temperature gradient at a point

r of the material at time tþ sT corresponds to the heat flux

density vector at time tþ sq. The delay time sT is interpreted

as being caused by the micro-structural interactions, such as

phonon-electron interaction or phonon scattering, and is

called the phase-lag of the temperature gradient. In some lit-

erature, the first-order Taylor expansion of Eq. (1.7) is also

called the DPL constitutive relation

q r; tð Þ þ sq
@q r; tð Þ
@t

¼ �k rT r; tð Þ þ sT
@

@t
rT r; tð Þ½ �

� �
:

(1.8)

Combining Eq. (1.8) with the equation of energy conser-

vation, Eq. (1.1), results in the DPL model of bioheat trans-

fer, in which the source terms are also usually treated in the

same way as Pennes model:5,21,28

1þ sq
qcxð Þbmac

qcð Þmac

" #
@Tmac

@t
þ sq

@2Tmac

@t2

¼ amacr2Tmac þ amacsT
@

@t
r2Tmac

� �
þ qcxð Þbmac

qcð Þmac

Ta
mac � Tmac

� �
þ 1

qcð Þmac

1þ sq
@

@t

� �
� qm;mac þ qe;mac

� �
: (1.9)

TABLE I. Source terms in Pennes, Wulff, Klinger and Chen and Holmes models (superscript b and t indicating blood

properties and tissue properties, respectively; xb: blood perfusion rate; Ta: temperature of the arterial blood supply; vh:

local mean blood velocity; Dh: enthalpy of formation in metabolic reaction; /: extent of reaction; vp: blood mean

permeation velocity; x�: blood perfusion rate only in the small vessels that are collectively treated; Ta�: temperature of

the arterial blood supply to the small vessels).

Model qm;mac qc;mac qp;mac qe;mac

Pennes qm;mac 0 ðqcÞbmacx
bðTa

mac � Tt
macÞ 0

Wulff qb
macvhDhr/ �ðqcÞbmacvhrTt

mac 0 0

Klinger qm;mac �ðqcÞbmacvb
macrTt

mac 0 0

Chen and Holmes qm;mac �ðqcÞbmacvp � rTt
mac ðqcÞbmacx

�ðTa
mac
� � Tt

macÞ 0
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This equation is parabolic when sq < sT , and thus predicts a

nonwavelike heat conduction that differs from the usual

diffusion predicted by the classical parabolic heat conduction

equation (1.3). When sq > sT , however, Eq. (1.9) predomi-

nantly predicts wavelike thermal signals. Also note that the

DPL heat conduction equation (1.9) reduces to Pennes model

when sq ¼ sT ¼ 0, and the hyperbolic bioheat model when

sq > sT ¼ 0. Moreover, the second-order DPL constitutive

relations can be obtained by retaining up to the second order

Taylor expansions for q, T, or both, in Eq. (1.7).26 The

readers are referred to Refs. 21, 23, and 29 for the DPL mod-

els of bioheat transfer based on the higher order DPL consti-

tutive relations. It has been shown that the DPL models can

predict significantly different thermal behavior in magnetic

hyperthermia, laser-irradiation and skin bioheat transfer

processes from both the TWMBT and Fourier-type Pennes

models.5,21,23,28,30

Basically, solving of the continuum models requires

reliable data about the macroscale properties of the contin-

uum, such as thermal conductivity, thermal diffusivity, per-

fusion rate, metabolic heat generation, and phase lags of the

heat flux and the temperature gradient. Determination of

these thermal properties is a technically challenging task,

however, due to (i) the strong coupling among different

heat transfer mechanisms in the tissues, (ii) the complex

mechanical and thermal interactions between the instrument

and tissue, (iii) the property nonuniformity due to the tissue

heterogeneity, (iv) the significant sample-to-sample variabil-

ity, and (v) the high sensitivity of tissue properties to out-

side influence.2 For the systems containing large vessels

which cannot be regarded as a part of the continuum, Chen

and Holmes suggested that they should be modeled on an

individual basis.11

Arteries and veins often appear as closely spaced pairs

with different flow directions and temperatures.31 Although

there is no direct mass transfer between a countercurrent

vessel pair, there can be an energy transfer through the heat

conduction between arteries and tissue, and between veins

and tissue.31 Models were then developed by taking this

energy transfer (and possibly pulsating countercurrent due

to heart beating) into consideration.31–41 The effect of vas-

cular geometry (e.g., diameter, number density, and flow

direction) has been involved in these more advanced

models.

Although the early continuum-based bioheat models

provide a usable approach for quantified prediction of the

thermal behavior in biological tissues, they have not taken

some important factors into account and involve many

assumptions, therefore have moderate application range and

accuracy. Note that the biological tissues can be regarded as

blood-saturated porous media with extravascular tissues

being the solid matrix. Several groups have applied porous

media approach for developing bioheat models, because it

has the potential to well reflect the influence of microscale

physics on macroscale properties with minimized assump-

tions involved.42–44 As the most advanced one, Nakayama

and Kuwahara’s44 two-equation macroscopic bioheat model

has a form of

In the blood phase

(qce)b
mac

@ Tb
mic

� 	b

@t
þ vb

mac � r Tb
mic

� 	b

 !

¼ r � ekh ibmacþebkdis


 �
� r Tb

mic

� 	b
h i

� hav Tb
mic

� 	b � Tt
mic

� 	t

 �

� qcxð Þbmac Tb
mic

� 	b � Tt
mic

� 	t

 �

(1.10)

In the tissue phase

ðqceÞtmac

@ Tt
mic

� 	t

@t
¼ r � ekð Þtmac�r Tt

mic

� 	t
h i

þ hav Tb
mic

� 	b � Tt
mic

� 	t

 �

þ qcxð Þbmac Tb
mic

� 	b � Tt
mic

� 	t

 �

þ eqmð Þtmac (1.11)

where Tb
mic

� 	b
and Tt

mic

� 	t
are the intrinsic average tempera-

ture of blood and tissue phases, respectively [also see

Eq. (2.14)]. e is the volume fraction. v is the velocity. k and

kdis are the thermal conductivity tensor and dispersion ther-

mal conductivity tensor, respectively. h and av are the inter-

facial heat transfer coefficient and specific surface area,

respectively. This model considers local thermal nonequili-

brium between the blood and the surrounding tissue, and

includes the effects of blood-tissue conduction, convection,

blood perfusion, and metabolic heat generation. The effect

of microscale vascular structure is not fully considered in

this model since a rigorous closure of the energy equations

was not provided. Note that in the blood-phase equation

(1.10), the macroscopic convection term (the second term on

the left side), thermal dispersion term (kdis-involved term on

the right side) and perfusion term (the last term on the right

side) all come from the averaging of the convection term on

microscopic energy equation for blood. As such, in the tis-

sue-phase equation (1.11), it seems that the perfusion term

(the third term on the right side) should not appear, just as

the other two do not.

Arterial-venous anastomosis, a direct connection

between an artery and a vein to bypass capillaries, occurs

normally in fingers, nose and lip for the functions like blood

flow rate adjustment and body temperature regulation.45,46

To account for the countercurrent heat transfer between

closely spaced arteries and veins induced by arterial-venous

anastomoses, the two-equation model has also been extended

to a three-equation version by Nakayama and Kuwahara.44

By decoupling Eqs. (1.10) and (1.11) to obtain the two

energy equations with Tb
mic

� 	b
and Tt

mic

� 	t
as the sole

unknown variable, respectively, we can find that both

Tb
mic

� 	b
and Tt

mic

� 	t
are governed by DPL heat conduction

equations, although the heat conduction in blood and tissue

has been assumed to be Fourier-type at the microscale.47 It

thus confirms that the DPL constitutive relation is more

proper for the heat flux density vector in developing macro-

scale bioheat models using the continuum approach. The

formulas of sq and sT are also available for these new DPL

heat conduction equations. Since the cross-coupling thermal
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dispersion is not considered in this model, the bioheat trans-

fer is always diffusion dominant without thermal waves.

Compared with the continuum models, the model based

on porous media theory offers the connection between

microscale and macroscale properties and is capable to accu-

rately describe the rich blood-tissue interaction. A rigorous

closure theory is nevertheless needed for materializing its

promising potential. In the following, we develop a closed

macroscale bioheat model with blood or tissue temperature

as the sole unknown variable, showing: (i) the DPL bioheat

transport at macroscale for both blood and tissue phases, (ii)

the sophisticated effects of the interfacial convective heat

transfer, the blood velocity, the blood perfusion and the met-

abolic heat generation on macroscale temperature fields in

both blood and tissue, and (iii) the possible thermal waves

and resonance predicted by the bioheat transfer equations.

Because of the significance of DPL heat conduction in bio-

heat problems, we subsequently present the solution struc-

ture theorems for mixed problems and Cauchy problems of

DPL heat conduction equations. Finally, we apply the solu-

tion structure theorems to study the bioheat transport in skin

tissue and during magnetic hyperthermia.

II. A GENERAL BIOHEAT MODEL AT MACROSCALE

In developing the macroscale bioheat model by the po-

rous media approach, microscale field equations are first

averaged over a representative elementary volume (REV) to

obtain the macroscale field equations. Multiscale theorems

are used in the averaging process to convert integrals of gra-

dient, divergence, curl, and partial time derivatives of a func-

tion into some combination of gradient, divergence, curl, and

partial time derivatives of integrals of the function and inte-

grals over the boundary of the REV.48 The closure models

are then provided for the unclosed terms in macroscale field

equations that represent the microscale effect to form a

closed system.

A. Volume averaging

1. Microscale model

Neglect the gravitational effect and assume that blood is

incompressible and Newtonian. By the conservation of mass,

momentum and energy, and the Fourier’s law of heat con-

duction, the microscale model for blood flow and heat con-

duction in the two phases read:

In the blood phase,

r � vb
mic ¼ 0; (2.1)

qb
mic

@vb
mic

@t
þ qb

micvb
mic � rvb

mic ¼ �rpb
mic þ lb

micr2vb
mic;

(2.2)

qcð Þbmic

@Tb
mic

@t
þ qcð Þbmicvb

mic � rTb
mic ¼ r � kb

micrTb
mic

� �
:

(2.3)

In the tissue phase,

qcð Þtmic

@Tt
mic

@t
¼ r � kt

micrTt
mic

� �
þ Ut

mic: (2.4)

Boundary conditions at the blood-tissue interface Abt:

B:C:1 vb
mic ¼ vb

mic

��
Abt
; (2.5)

B:C:2 Tb
mic ¼ Tt

mic; (2.6)

B:C:3: nbt � kb
micrTb

mic ¼ nbt � kt
micrTt

mic þ X: (2.7)

Here the subscript mic is used to indicate the microscale

properties. p is the pressure, and l the viscosity. Ut
mic is the

homogeneous thermal source which may come from the met-

abolic heat generation or the external heat supply like the

one used in hyperthermia. nbt is the outward-directed surface

normal vector from the b-phase toward the t-phase, and

nbt ¼ �ntb (Fig. 1). X is the heterogeneous thermal source

relating to the mass transfer at blood-tissue interfaces due to

the blood perfusion. Assume that once the blood enters the

capillaries from arterioles, it immediately equilibrates ther-

mally with the tissue until it leaves the capillaries into ven-

ules. X thus satisfies

X ¼ nbt � qcð Þbmicvb
mic Tb

mic � Tt
mic

� �
; when nbt � vb

mic > 0

0; when nbt � vb
mic < 0

�
(2.8)

2. Scaling-up by volume averaging

The system is assumed to be rigid so that Vb and Vt are

time-independent. By integrating Eqs. (2.1)–(2.4) over the

FIG. 1. Blood-saturated porous media

and REV.
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volumes of blood (Vb) or tissue (Vt) in the REV, we can

have the superficial average form of the conservative equa-

tions of mass, momentum, and energy,

r � vb
mic

� 	
¼ 0; (2.9)

qb
mac

@ vb
mic

� 	
@t

þ qb
mac vb

mic � rvb
mic

� 	
¼ � rpb

mic

� 	
þ lb

micr2vb
mic

� 	
; (2.10)

(qc)b
mac

@ Tb
mic

� 	
@t

þ ðqcÞbmac vb
mic � rTb

mic

� 	
¼ r � kb

micrTb
mic

� �� 	
; (2.11)

ðqcÞtmac

@ Tt
mic

� 	
@t

¼ r � kt
micrTt

mic

� �� 	
þ Ut

mic

� 	
; (2.12)

where the notation h i indicates superficial average quantities

as

wb
� 	

¼ 1

VREV

ð
Vb

wbdV; wth i ¼ 1

VREV

ð
Vt

wtdV (2.13)

The intrinsic averages relate to the superficial averages by

wb
� 	b ¼ 1

Vb

ð
Vb

wbdV ¼ 1

eb
mac

wb
� 	

;

wth it ¼ 1

Vt

ð
Vt

wtdV ¼ 1

et
mac

wth i (2.14)

Continuity equation:

Applying the spatial averaging theorem to Eq. (2.9)

leads to

r � vb
mic

� 	
¼ r � vb

mic

� 	
þ 1

VREV

ð
Abt

nbt � vb
micdA ¼ 0: (2.15)

The surface integral represents the volumetric rate of blood

bleeding off to the tissue phase through the vascular wall.

Since the net filtration of blood from the intravascular to the

extravascular regions is very small, the surface integral is

negligible so that

r � vb
mic

� 	
¼ 0: (2.16)

The superficial average velocity field is a preferred representa-

tion of the macroscale velocity field because it is solenoidal.49

Energy equation:

Applying Eq. (2.1) and the spatial average theorem, the

second term in the left side of Eq. (2.11) can be written as

(qc)b
mac vb

mic � rTb
mic

� 	
¼ ðqcÞbmac r � vb

micTb
mic

� 	
þ 1

VREV

ð
Abt

nbt � vb
micTb

micdA

� �
:

(2.17)

Decompose the microscale quantity into its intrinsic average

quantity and a spatial deviation as

vb
mic ¼ vb

mic

� 	b þ ~vb
mic; T

b
mic ¼ Tb

mic

� 	b þ ~Tb
mic: (2.18)

Therefore, the term vb
micTb

mic

� 	
in Eq. (2.17) can be written as

vb
micTb

mic

� 	
¼ vb

mic

� 	b
Tb

mic

� 	bþ~vb
mic Tb

mic

� 	b
D
þ vb

mic

� 	b ~Tb
mic þ ~vb

mic
~Tb

mic

E
: (2.19)

The second and third terms on the right side of Eq. (2.19) is

negligible50 so that it reduces to

vb
micTb

mic

� 	
¼ eb

mac vb
mic

� 	b
Tb

mic

� 	bþ ~vb
mic

~Tb
mic

� 	
: (2.20)

The surface integral in Eq. (2.17) can be approximated by

using Eq. (2.18)

1

VREV

ð
Abt

nbt � vb
micTb

micdA ¼ 1

VREV

ð
Abt

nbt � vb
mic

~Tb
micdA:

(2.21)

For the right-side term in Eq. (2.11), it can be expanded by

using Eq. (2.14), Eq. (2.18), and the spatial average theorem

r� kb
micrTb

mic

� �� 	
¼r� kb

mac eb
macr Tb

mic

� 	bþ 1

VREV

ð
Abt

nbt
~Tb

micdA

� �
 �

þ 1

VREV

ð
Abt

nbt �kb
micr Tb

mic

� 	b
dAþ 1

VREV

ð
Abt

nbt �kb
micr ~Tb

micdA:

(2.22)

When the standard length scale constraints are valid

(‘b; ‘t � R0 and R0 � L, where ‘b; ‘t;R0, and L are the

microscale length scales of the b- and t-phases, the radius of

the REV and the system length scale, respectively; Fig. 1),

we can neglect the term 1
VREV

Ð
Abt

nbt � kb
micr Tb

mic

� 	b
dA since51

1

VREV

ð
Abt

nbt � kb
micr Tb

mic

� 	b
dA

¼ 1

VREV

ð
Abt

nbtdA

� �
� kb

macr Tb
mic

� 	b

¼ 1

VREV

ð
Vb

r1dV �r
ð

Vb

1dV

� �
� kb

macr Tb
mic

� 	b

¼ �r 1

VREV

ð
Vb

1dV

� �
� kb

macr Tb
mic

� 	b

¼ �reb
mac � kb

macr Tb
mic

� 	b � 0: (2.23)

Substituting Eqs. (2.20)–(2.23) into Eq. (2.11), we obtain the

unclosed form of energy equation for b-phase

ðqceÞbmac

@ Tb
mic

� 	b

@t|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
accumulation

þ qceð Þbmac vb
mic

� 	b�r Tb
mic

� 	b|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
convection

¼ r � kb
mac eb

macr Tb
mic

� 	bþ 1

VREV

ð
Abt

nbt
~Tb

micdA

� �
 �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

conduction

� qcð Þbmacr � ~vb
mic

~Tb
mic

� 	|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
dispersion

þ 1

VREV

ð
Abt

nbt � kb
micr ~Tb

micdA|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
interfacial flux

� qcð Þbmac

1

VREV

ð
Abt

nbt � vb
mic

~Tb
micdA:|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

blood perfusion

(2.24)
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The energy equation for t-phase can be analogously obtained

ðqceÞtmac

@ Tt
mic

� 	t

@t|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
accumulation

¼ r � kt
mac et

macr Tb
mic

� 	t þ 1

VREV

ð
Abt

ntb
~Tt

micdA

� �
 �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

conduction

þ 1

VREV

ð
Abt

ntb � kt
micr ~Tt

micdA|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
interfacial flux

þ et
mac Ut

mic

� 	t|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
metabolic
thermal source

;

(2.25)

where

Tt
mic ¼ Tt

mic

� 	t þ ~Tt
mic: (2.26)

Momentum equation:

The momentum equation has a similar form with the

b-phase energy equation49

qeð Þbmac

@ vb
mic

� 	b

@t|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
accumulation

þ qeð Þbmac vb
mic

� 	b�r vb
mic

� 	b|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
convection

¼ �eb
macr pb

mic

� 	b� 1

VREV

ð
Abt

nbt~p
b
micdA|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

pressure force

þr � lb
mac eb

macr vb
mic

� 	b

 �h i

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
viscous force

�qb
macr � ~vb

mic~v
b
mic

� 	|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
dispersion

þ 1

VREV

ð
Abt

nbt � lb
micr~vb

micdA|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
interfacial viscous force

; (2.27)

where

pb
mic ¼ pb

mic

� 	b þ ~pb
mic: (2.28)

The closed macroscale transport model requires the clo-

sure models for spatial deviation variables (~vb
mic, ~pb

mic, ~Tb
mic,

and ~Tt
mic). Readers are referred to Ref. 52 for the closure

details regarding ~vb
mic and ~pb

mic for the case of homogeneous

porous media, which lead to the Forchheimer equation.

When Reynolds number of the blood flow is smaller than

one (such as the blood flow in small vessels), Darcy’s law

can be used as the macroscale momentum equation.44,49

3. Energy equation closure

In order to obtain a closed system, closure models need

to be provided for ~Tb
mic and ~Tt

mic in Eqs. (2.24) and (2.25),

respectively. Apply the decompositions given by Eqs. (2.18)

and (2.26) into Eqs. (2.3) and (2.4), and then subtract the

results from Eqs. (2.24) and (2.25) with both sides divided

by eb
mac and et

mac, respectively. We obtain

qcð Þbmic

@ ~Tb
mic

@t|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
accumulation

þ qcð Þbmicvb
mic � r ~Tb

mic þ qcð Þbmic~v
b
mic � r Tb

mic

� 	b

¼ r � kb
micr ~Tb

mic

� �
� 1

eb
mac

r � 1

VREV

ð
Abt

nbtk
b
mic

~Tb
micdA

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

non-local conduction

þ qcð Þbmacr � ~vb
mic

~Tb
mic

� 	b|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
non-local convection

� 1

eb
mac

1

VREV

ð
Abt

nbt � kb
mic

�r ~Tb
micdAþ qc

e


 �b

mac

1

VREV

ð
Abt

nbt � vb
mic

~Tb
micdA; (2.29)

qcð Þtmic

@ ~Tt
mic

@t|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
accumulation

¼ r � kt
micr ~Tt

mic

� �
� 1

et
mac

r � 1

VREV

ð
Abt

ntbkt
mic

~Tt
micdA

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

non-local conduction

� 1

et
mac

1

VREV

ð
Abt

ntb � kt
micr ~Tt

micdA: (2.30)

When the length scale restriction ‘b; ‘t � L is satisfied, the

non-local conduction and non-local convection terms can be

neglected because53

1

eb
mac

r � 1

VREV

ð
Abt

nbtk
b
mic

~Tb
micdA

� �
� r � kb

micr ~Tb
mic

� �
;

(2.31)

1

et
mac

r � 1

VREV

ð
Abt

ntbkt
mic

~Tt
micdA

� �
� r � kt

micr ~Tt
mic

� �
;

(2.32)

qcð Þbmacr � ~vb
mic

~Tb
mic

� 	b � qcð Þbmacvb
mic � r ~Tb

mic: (2.33)

We can further neglect the accumulation terms in Eqs. (2.29)

and (2.30) for a quasisteady closure. Therefore, the govern-

ing equations for ~Tb
mic and ~Tt

mic reduce to

qcð Þbmicvb
mic � r ~Tb

mic þ qcð Þbmic~v
b
mic � r Tb

mic

� 	b

¼ r � kb
micr ~Tb

mic

� �
� 1

eb
mac

1

VREV

ð
Abt

nbt � kb
micr ~Tb

micdA

þ qc

e


 �b

mac

1

VREV

ð
Abt

nbt � vb
mic

~Tb
micdA; (2.34)

0 ¼r � kt
micr ~Tt

mic

� �
� 1

et
mac

1

VREV

ð
Abt

ntb � kt
micr ~Tt

micdA:

(2.35)

Boundary conditions:

B:C:1 ~Tb
mic ¼ ~Tt

mic � Tb
mic

� 	b � Tt
mic

� 	t

 �

; at Abt; (2.36)

B:C:2 nbt � kb
micr~Tb

mic ¼ nbt � kt
micr~Tt

mic � nbt � kb
micr Tb

mic

� 	b

þ nbt � kt
micr Tt

mic

� 	tþX; at Abt:

(2.37)
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Average condition:

~Tb
mic

� 	b ¼ 0; ~Tt
mic

� 	t ¼ 0: (2.38)

Periodicity condition:

~Tb
micðrþ ‘iÞ ¼ ~Tb

micðrÞ; ~Tt
micðrþ ‘iÞ ¼ ~Tt

micðrÞ; i ¼ 1; 2; 3:

(2.39)

Here, r is a position vector and ‘iði ¼ 1; 2; 3Þ represents the

lattice vectors. The periodicity condition is imposed because

the closure problem is normally solved only in some represen-

tative region that can be treated as a unit cell in a spatially

periodic model.50 The unit cell should contain enough infor-

mation regarding the microstructure of the biological tissues

in order to be representative of the real system. Specific anat-

omy like vascular countercurrent structure can also be re-

flected by properly constructing the unit cell. The average

condition in Eq. (2.38) is required to determine the surface

integrals in Eqs. (2.34) and (2.35). These two-surface integrals

are related by, based on the flux boundary condition (2.37),

1

VREV

ð
Abt

nbt � kb
micr ~Tb

micdA

¼ 1

VREV

ð
Abt

nbt � kt
micr ~Tt

micdAþ av Xh ibt
mac; (2.40)

where

Xh ibt
mac¼

1

Abt

ð
Aat

XdA: (2.41)

The Abt in Eq. (2.41) denotes the blood-tissue interfacial area

in VREV, and Aat indicates that X is integrated over the arte-

riole-tissue interfaces since X ¼ 0 at venule-tissue interfaces

[Eq. (2.8)]. Xh ibt
mac gives rise to coupling at the macroscopic

level and can be modeled by

Xh ibt
mac¼

1

av
qcxð Þbmac Tb

mic

� 	b � Tt
mic

� 	t

 �

: (2.42)

We view r Tb
mic

� 	b
, r Tt

mic

� 	t
, Tb

mic

� 	b � Tt
mic

� 	t
, and Xh ibt

mac

as the sources for spatial deviation temperatures so that47,49

~Tb
mic ¼ bbb

mic � r Tb
mic

� 	b þ bbt
mic � r Tt

mic

� 	t

� sb
mic Tb

mic

� 	b � Tt
mic

� 	t

 �

þ rb
mic Xh ibt

mac; (2.43)

~Tt
mic ¼ btb

mic � r Tb
mic

� 	b þ btt
mic � r Tt

mic

� 	t

� st
mic Tb

mic

� 	b � Tt
mic

� 	t

 �

þ rt
mic Xh ibt

mac: (2.44)

Here bbb
mic, bbt

mic, btb
mic, btt

mic, sb
mic, st

mic, rb
mic, and rt

mic are the clo-

sure variables or the mapping variables that link the micro-

scale and macroscale. Substituting the expression of Xh ibt
mac

given by Eq. (2.42) into Eqs. (2.43) and (2.44), we obtain

~Tb
mic ¼ bbb

mic � r Tb
mic

� 	b þ bbt
mic � r Tt

mic

� 	t

� rb
mic Tb

mic

� 	b � Tt
mic

� 	t

 �

; (2.45)

~Tt
mic ¼ btb

mic � r Tb
mic

� 	b þ btt
mic � r Tt

mic

� 	t

� rt
mic Tb

mic

� 	b � Tt
mic

� 	t

 �

; (2.46)

where

rb
mic ¼ sb

mic �
rb

mic qcxð Þbmac

av
; rt

mic ¼ st
mic �

rt
mic qcxð Þbmac

av
:

(2.47)

By substituting Eqs. (2.45) and (2.46) into the governing equa-

tions and boundary conditions for ~Tb
mic and ~Tt

mic [Eqs. (2.34)–

(2.39)], we obtain the following three closure problems:

Problem I

qcð Þbmic~v
b
mic þ qcð Þbmicvb

mic � rbbb
mic

¼ kb
micr2bbb

mic �
1

eb
mac

cbb
mic; in the b-phase; (2.48)

0 ¼ kt
micr2btb

mic þ
1

et
mac

ctb
mic; in the t-phase; (2.49)

B:C:1 bbb
mic ¼ btb

mic; at Abt; (2.50)

B:C:2 nbt � kb
micrbbb

mic ¼ nbt � kt
micrbtb

mic � nbtk
b
mic; at Abt:

(2.51)

Average:

bbb
mic

� 	b ¼ 0; btb
mic

� 	t ¼ 0: (2.52)

Periodicity:

bbb
micðrþ ‘iÞ ¼ bbb

micðrÞ; btb
micðrþ ‘iÞ ¼ btb

micðrÞ; i ¼ 1; 2; 3;

(2.53)

where

cbb
mic ¼

1

VREV

ð
Abt

nbt � kb
micrbbb

micdA

� qcð Þbmac

1

VREV

ð
Abt

nbt � vb
micbbb

micdA; (2.54)

ctb
mic ¼

1

VREV

ð
Abt

nbt � kt
micrbtb

micdA: (2.55)

Problem II

qcð Þbmicvb
mic � rbbt

mic ¼ kb
micr2bbt

mic �
1

eb
mac

cbt
mic; in the b-phase;

(2.56)

0 ¼ kt
micr2bbt

mic þ
1

et
mac

ctt
mic; in the t-phase: (2.57)

B:C:1 bbt
mic ¼ btt

mic; at Abt; (2.58)

B:C:2 nbt � kb
micrbbt

mic ¼ nbt � kt
micrbtt

micþnbtk
t
mac; at Abt:

(2.59)

Average:

bbt
mic

� 	b¼ 0; btt
mic

� 	t¼ 0: (2.60)
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Periodicity:

bbt
micðrþ ‘iÞ ¼ bbt

micðrÞ; btt
micðrþ ‘iÞ ¼ btt

micðrÞ; i ¼ 1; 2; 3;

(2.61)

where

cbt
mic ¼

1

VREV

ð
Abt

nbt � kb
micrbbt

micdA

� qcð Þbmac

1

VREV

ð
Abt

nbt � vb
micbbt

micdA; (2.62)

ctt
mic ¼

1

VREV

ð
Abt

nbt � kt
micrbtt

micdA: (2.63)

Problem III

qcð Þbmicvb
mic � rrb

mic ¼ kb
micr2rb

mic �
1

eb
mac

Gb; in the b-phase;

(2.64)

0 ¼ kt
micr2rt

mic þ
1

et
mac

Gt; in the t-phase: (2.65)

B:C:1 rb
mic ¼ rt

mic þ 1; at Abt; (2.66)

B:C:2 nbt � kb
micrrb

mic ¼ nbt � kt
micrrt

mic �
qcxð Þbmac

av
; at Abt:

(2.67)

Average:

rb
mic

� 	b ¼ 0; rt
mic

� 	t ¼ 0: (2.68)

Periodicity:

rb
micðrþ ‘iÞ ¼ rb

micðrÞ; rt
micðrþ ‘iÞ ¼ rt

micðrÞ; i ¼ 1; 2; 3;

(2.69)

where

Gb ¼ 1

VREV

ð
Abt

nbt � kb
micrrb

micdA

� qcð Þbmac

1

VREV

ð
Abt

nbt � vb
micr

b
micdA; (2.70)

Gt ¼ 1

VREV

ð
Abt

nbt � kt
micrrt

micdA: (2.71)

The three closure problems can be effectively resolved by

standard numerical schemes. Readers are referred to, for

example, Refs. 51 and 54 that solve some similar closure

problems for heat transfer in porous media, and Refs. 55 and

56 for heat conduction in nanofluids.

The closed energy equations for b- and t-phases can be

obtained by substituting Eqs. (2.45) and (2.46) into Eqs.

(2.24) and (2.25).

For the b-phase:

(qce)b
mac

@ Tb
mic

� 	b

@t
þ qceð Þbmac vb

mic

� 	b � r Tb
mic

� 	b

� ubb
mac � r Tb

mic

� 	b � ubt
mac � r Tt

mic

� 	t

¼ r � Kbb
mac � r Tb

mic

� 	b þKbt
mac � r Tt

mic

� 	t

 �

� Gb Tb
mic

� 	b � Tt
mic

� 	t

 �

; (2.72)

in which the dominant thermal dispersion tensor Kbb
mac and

the coupling thermal dispersion tensor Kbt
mac are given by

Kbb
mac ¼ ekð ÞbmacIþ kb

mac

VREV

ð
Abt

nbtb
bb
micdA� qcð Þbmac ~vb

micbbb
mic

� 	
;

(2.73)

Kbt
mac ¼

kb
mac

VREV

ð
Abt

nbtb
bt
micdA� qcð Þbmac ~vb

micbbt
mic

� 	
: (2.74)

The two nontraditional convective transport terms in Eq.

(2.72) depend on the coefficients ubb
mac and ubt

mac

ubb
mac ¼

1

VREV

ð
Abt

nbt � kb
micrbbb

micdA

� kb
mac

VREV

ð
Abt

nbtr
b
micdAþ qcð Þbmac ~vb

micr
b
mic

� 	
� qcð Þbmac

1

VREV

ð
Abt

nbt � vb
micbbb

micdA;

(2.75)

ubt
mac ¼

1

VREV

ð
Abt

nbt � kb
micrbbt

micdA

þ kb
mac

VREV

ð
Abt

nbtr
b
micdA� qcð Þbmac ~vb

micr
b
mic

� 	
� qcð Þbmac

1

VREV

ð
Abt

nbt � vb
micbbt

micdA:

(2.76)

For the t-phase:

(qce)t
mac

@ Tt
mic

� 	t

@t
�utb

mac �r Tb
mic

� 	b�utt
mac �r Tt

mic

� 	t

¼r� Ktb
mac �r Tb

mic

� 	bþKtt
mac �r Tt

mic

� 	t

 �

þGt Tb
mic

� 	b� Tt
mic

� 	t

 �

þ et
mac Ut

mic

� 	t
; (2.77)

in which the coupling thermal conductivity tensor Ktb
mac and

the effective thermal conductivity tensor Ktt
mac are given by

Ktb
mac ¼

kt
mac

VREV

ð
Abt

ntbbtb
micdA; (2.78)

Ktt
mac ¼ ekð ÞtmacIþ kt

mac

VREV

ð
Abt

ntbbtt
micdA: (2.79)

The two velocitylike coefficients are given by

utb
mac ¼

1

VREV

ð
Abt

ntb � kt
micrbtb

micdA� kt
mac

VREV

ð
Abt

ntbr
t
micdA;

(2.80)

utt
mac ¼

1

VREV

ð
Abt

ntb � kt
micrbtt

micdAþ kt
mac

VREV

ð
Abt

ntbr
t
micdA:

(2.81)

B. Macroscale model for blood and tissue
temperatures

Rewrite Eqs. (2.72) and (2.77) in their operator form

A B

C D


 �
Tb

mic

� 	b

Tt
mic

� 	t

" #
¼

0

et
mac Ut

mic

� 	t

" #
; (2.82)

where
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A¼ cb
mac

@

@t
þ vb

mic

� 	b �r
� �

�ubb
mac �r�r� Kbb

mac �r
� �

þGb;

(2.83)

B ¼ �ubt
mac � r � r � Kbt

mac � r
� �

� Gb; (2.84)

C ¼ �utb
mac � r � r � Ktb

mac � r
� �

� Gt; (2.85)

D ¼ ct
mac

@

@t
� utt

mac � r � r � Ktt
mac � r

� �
þ Gt; (2.86)

cb
mac ¼ qceð Þbmac; c

t
mac ¼ qceð Þtmac: (2.87)

We then obtain the uncoupled form for hTb
mici

b
and hTt

mici
t

by

multiplying the inverse matrix of
�

A B
C D

�
with both sides of

Eq. (2.82):

@ Ti
mic

� 	i

@t
þ

cbct
� �

mac

Gbct
mac þ Gtcb

mac

@2 Ti
mic

� 	i

@2t
þ cb

macGt

Gbct
mac þ Gtcb

mac

vb
mic

� 	b � r Ti
mic

� 	i

� 1

Gbct
mac þ Gtcb

mac

Gb utt
mac � r

� �
þ utb

mac � r
� �� �

þ Gt ubb
mac � r

� �
þ ubt

mac � r
� �� �� �

Ti
mic

� 	i

¼ 1

Gbct
mac þ Gtcb

mac

Gtr � Kbb
mac þKbt

mac

� �
� r

� �
þ Gbr � Ktb

mac þKtt
mac

� �
� r

� �� �
Ti

mic

� 	i

þ 1

Gbct
mac þ Gtcb

mac

cb
mac

@

@t
r � Ktt

mac � r
� �� �

þ ct
mac

@

@t
r � Kbb

mac � r
� �� �� �

Ti
mic

� 	i

þ 1

Gbct
mac þ Gtcb

mac

r � Kbt
mac � r

� �� �
r � Ktb

mac � r
� �� �

� r � Kbb
mac � r

� �� �
r � Ktt

mac � r
� �� ��

þ cb
mac

@

@t
utt

mac � r
� �

þ ct
mac

@

@t
ubb

mac � r
� �
 �

� cbct
� �

mac

@

@t
vb

mic

� 	b � r

 �

þ cb
mac vb

mic

� 	b � r

 �

r � Ktt
mac � r

� �� �
þ cb

mac vb
mic

� 	b � r

 �

utt
mac � r

� �
� ubb

mac � r
� �

utt
mac � r

� ��
� ubt

mac � r
� �

utb
mac � r

� ��
� ubb

mac � r
� �

r � Ktt
mac � r

� �� ��
þ utt

mac � r
� �

r � Kbb
mac � r

� �� �
� ubt

mac � r
� �

r � Ktb
mac � r

� �� �
� utb

mac � r
� �

r � Kbt
mac � r

� �� ���
Ti

mic

� 	i

þ 1

Gbct
mac þ Gtcb

mac

Hiet
mac Ut

mic

� 	t
; (2.88)

where the index i can take b or t. Hi takes the form

Hb ¼ ubt
mac � r þ r � Kbt

mac � r
� �

þ Gb; (2.89)

Ht ¼ cb
mac

@

@t
þ vb

mic

� 	b � r

 �
 �

� ubb
mac � r

� r � Kbb
mac � r

� �
þ Gb: (2.90)

When the system is isotropic and the physical properties of

the two phases are constant, it reduces to

@ Ti
mic

� 	i

@t
þ sq

@2 Ti
mic

� 	i

@2t
þ 1

Gbct
mac þ Gtcb

mac

� Gtcb
mac vb

mic

� 	b � r
n

�Gb utt
mac � r

� �
þ utb

mac � r
� �� �

�Gt ubb
mac � r

� �
þ ubt

mac � r
� �� �o

Ti
mic

� 	i

¼ aD Ti
mic

� 	i

þ asT
@

@t
D Ti

mic

� 	i

 �

þ a
ke

Fðr; tÞ þ sq
@Fðr; tÞ
@t


 �i

mac

;

(2.91)

where

sq ¼
cbct
� �

mac

Gbct
mac þ Gtcb

mac

; (2.92)

sT ¼
cbktt þ ctkbb
� �

mac

ke
; (2.93)

a ¼ ke

qc
¼ ke

Gbct
mac þ Gtcb

mac

; (2.94)

ke ¼ Gt kbb
mac þ kbt

mac

� �
þ Gb ktb

mac þ ktt
mac

� �
; (2.95)

Fðr; tÞ þ sq
@Fðr; tÞ
@t


 �i

mac

¼
�
ðkbt

macktb
mac� kbb

macktt
macÞD2þ



cb

mac

@

@t
ðutt

mac � rÞ

þ ct
mac

@

@t
ðubb

mac � rÞ
�
� ðcbctÞmac

@

@t
ðhvb

mici
b � rÞ

þ cb
macktt

macDðhvb
mici

b � rÞþ cb
macðhvb

mici
b � rÞðutt

mac � rÞ
� ½ðubb

mac � rÞðutt
mac � rÞ� ðubt

mac � rÞðutb
mac � rÞ�

� ½ktt
macDðubb

mac � rÞþ kbb
macDðutt

mac � rÞ� ktb
macDðubt

mac � rÞ

� kbt
macDðutb

mac � rÞ�
�
hTi

mici
iþ hiet

machUt
mici

t;

(2.96)

hb ¼ ubt
mac � r þ kbt

macDþ Gb; (2.97)
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ht ¼ cb
mac

@

@t
þ vb

mic

� 	b � r

 �
 �

� ubb
mac � r � kbb

macDþ Gb:

(2.98)

This is a dual-phase-lagging heat conduction equation

with sq and sT as the phase lags of the heat flux and the

temperature gradient, respectively.16,26,48 Here, Fðr; tÞ is the

volumetric heat source. ke, qc, and a are the effective thermal

conductivity, volumetric heat capacity, and diffusivity, respec-

tively. They depend not only on the thermal and physical

properties of the two phases but also on the microstructure in

biological tissues. Although the heat conduction in blood and

tissue is assumed to be Fourier-type at the microscale

[Eqs. (2.3) and (2.4)], it is a DPL-type at the macroscale.

It is interesting to note that the nontraditional convection

terms �ubb � r Tb
mic

� 	b � ubt � r Tt
mic

� 	t
and �utb � r Tb

mic

� 	b

�utt � r Tt
mic

� 	t
in Eqs. (2.72) and (2.77) do lead to the

appearance of the nontraditional convective terms

ubb
mac � r Ti

mic

� 	i
, utb

mac � r Ti
mic

� 	i
, ubt

mac � r Ti
mic

� 	i
, and

utt
mac � r Ti

mic

� 	i
in Eqs. (2.88) and (2.91). The velocitylike

terms also appear in the source terms of Eqs. (2.88) and

(2.91). Furthermore, the heat source et
mac Ut

mic

� 	t
(which may

come from the metabolic reaction in the tissue or external

heat supply) and the convective term vb
mic

� 	b � r Ti
mic

� 	i

appear in both energy equations [Eqs. (2.88) and (2.91)].

Therefore, they are with their macroscale manifestation in

both blood and tissue. The blood-tissue interaction generates

a very rich way that the blood-tissue interfacial convective

heat transfer, the blood velocity, the blood perfusion and the

thermal source in tissue affect Tb
mic

� 	b
and Tt

mic

� 	t

[Eqs. (2.91) and (2.96)]. It would be very difficult to model

these rich interactions by the mixture theory of continuum

mechanics.

Consider

sT

sq
¼ 1þ

cb
mac

� �2
Gtktt

mac þ ct
mac

� �2
Gbkbb

mac � cb
macc

t
mac Gbktb

mac þ Gtkbt
mac

� �
cb

macc
t
macke

: (2.99)

It could be larger, equal, or smaller than 1 depending on the

sign of cb
mac

� �2
Gtktt

mac þ ct
mac

� �2
Gbkbb

mac � cb
macc

t
mac Gbktb

mac

�
þGtkbt

macÞ. By the condition for the existence of thermal

waves that requires sT

�
sq < 1,16,57 we may have thermal

waves in bioheat transport when

cb
mac

� �2
Gtktt

mac þ ct
mac

� �2
Gbkbb

mac � cb
macc

t
mac Gbktb

mac þGtkbt
mac

� �
¼ cb

mac

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Gtktt

mac

p
� ct

mac

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gbkbb

mac

q� �2

þ cb
macc

t
mac 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GbGtkbb

macktt
mac

q
�Gbktb

mac �Gtkbt
mac

� �
< 0:

(2.100)

A necessary (but not sufficient) condition for Eq. (2.100) is

Gbktb
mac þ Gtkbt

mac > 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GbGtkbb

macktt
mac

p
. When the coupling

thermal conductivity term kbt
mac and ktb

mac are excluded so that

sT

�
sq is always larger than 1, thermal waves would not

appear. Moreover, there is a time-dependent source term

Fðr; tÞ in the DPL macroscale bioheat equations [Eqs. (2.88)

and (2.91)]. Therefore, the resonance can also occur. Note

also that sT , sq and the ratio sT

�
sq are all Gb� and Gt� de-

pendent. This phenomenon is peculiar to bio-tissues because

of the blood perfusion process.

The rigorously-developed and closed macroscale bio-

heat model shows: (i) the DPL bioheat transport at macro-

scale for both blood and tissue phases, and (ii) the

sophisticated effects of the interfacial convective heat trans-

fer, the blood velocity, the perfusion and the metabolic heat

generation on macroscale temperature fields in blood and tis-

sues. Specially, the blood perfusion leads to a thermal source

in the flux boundary condition and a surface integral term in

the governing equation for blood temperature field. The

resulted macroscale model has thus some distinctive features

from that for impermeable-interface-systems,58,59 such as the

appearance of the nontraditional convective terms in the

uncoupled DPL equations for both blood and tissue phases.

The DPL heat transport differs from the classical Fourier

heat transport mainly on its existence of thermal waves and

possible resonance. Such waves and resonance come from

the blood-tissue coupled conduction and will vary features of

heat transport significantly. In the next part, we present a

general methodology for solving the mixed problems and the

Cauchy problems of DPL heat-conduction equations.

III. SOLUTION FOR DPL BIOHEAT EQUATIONS

We investigate the solutions of mixed initial-boundary

value problems and Cauchy problems of DPL bioheat equa-

tions in Secs. III A and III B, respectively, by following the

approach developed by Wang, Zhou, and Wei.16 For mixed

problems, solution structure theorems are given and proved

for Cartesian, polar, cylindrical, and spherical coordinates in

Sec. III A 1 (Theorems 1, 2 and 10), Sec. III A 2 (Theorems 3

and 4), Sec. III A 3 (Theorems 5 and 6), and Sec. III A 4

(Theorems 7 and 8), respectively. The method of separation

of variables is also illustrated in each coordinate. For Cauchy

problems, solution structure Theorems 9 and 10 are given

and proved, with a brief discussion on the integral transfor-

mation and perturbation method.

A. Solution structure theorems for mixed problems of
DPL equations

The temperature field of mixed initial-boundary value

problems in DPL heat conduction comes from the contribu-

tions of the initial temperature distribution, initial rate of

temperature change, boundary temperature distribution and

source term. Since the effect of the boundary distribution can

be transformed to the effect of source term through the ho-

mogenization of boundary conditions, we only study the
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solution structure of problems under linear homogeneous

boundary conditions

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT þ f ðM; tÞ; X� ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0; ð0;þ1Þ

TðM; 0Þ ¼ uðMÞ; @T

@t
ðM; 0Þ ¼ wðMÞ; X;

8>>>>>>><
>>>>>>>:

(3.1)

where s0, A, and B are constants. f ðM; tÞ, uðMÞ, and wðMÞ
are known functions. D is the Laplacian. L T; @T=@nð Þj@X
¼ 0 denotes the linear homogeneous boundary conditions of

all three types (Dirichlet, Neumann, and Robin boundary

conditions), with @T=@n standing for the normal derivative

on the boundary @X. For one-, two-, and three-dimensional

problems, there are 9, 81, and 729 combinations of linear ho-

mogeneous boundary conditions, respectively. When

T ¼ TðM; tÞ stands for the temperature at spatial point M (in

the space domain X) and time instant t, the equation

describes a DPL heat conduction with s0 ¼ sq, A2 ¼ a
�
sq,

and B2 ¼ asT

�
sq.

According to the principle of superposition, the solution

of problem (3.1) is the summation of solutions of the follow-

ing three problems:

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTþB2 @

@t
DT; X� ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0; ð0;þ1Þ

TðM;0Þ ¼ 0;
@T

@t
ðM;0Þ ¼ wðMÞ; X;

8>>>>>>><
>>>>>>>:

(3.2)

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT; X� ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0; ð0;þ1Þ

TðM; 0Þ ¼ uðMÞ; @T

@t
ðM; 0Þ ¼ 0; X;

8>>>>>>><
>>>>>>>:

(3.3)

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTþB2 @

@t
DTþ f ðM; tÞ; X�ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0;ð0;þ1Þ

TðM;0Þ ¼ 0;
@T

@t
ðM;0Þ ¼ 0; X:

8>>>>>>><
>>>>>>>:

(3.4)

The solution structure theorems relate the solution of (3.2)

with those of (3.3) and (3.4), and thus considerably simplify

the development of solutions of DPL heat conduction equa-

tions by only solving the problem regarding the w-contribu-

tion. In the following, we first discuss the solution of the

w-contribution problem (3.2) for the sake of completeness, and

then give and prove the solution structure theorems for Carte-

sian, polar, cylindrical and spherical coordinates, respectively.

1. Cartesian coordinates

We find the solution of (3.2) by using the method of sep-

aration of variables, for one-, two-, and three-dimensional

cases successively.

For one-dimensional case, the problem (3.2) becomes

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @

2T

@x2
þ B2 @3T

@t@x2
; ð0; l1Þ � ð0;þ1Þ

�b1

@T

@x
ð0; tÞ þ k1Tð0; tÞ ¼ 0;b2

@T

@x
ðl1; tÞ þ k2Tðl1; tÞ ¼ 0

Tðx; 0Þ ¼ 0;
@T

@t
ðx;0Þ ¼ wðxÞ;

8>>>>>><
>>>>>>:

(3.5)

where bi and ki (i ¼ 1; 2) are non-negative real constants and

bi þ ki > 0ði ¼ 1; 2Þ. Consider the nontrivial solution of

(3.5) with the form of

Tðx; tÞ ¼ CðtÞXðxÞ;

where CðtÞ and XðxÞ are functions to be determined of the

only variables present. Substituting this into the Eq. (3.5)

yields

1

s0

C0ðtÞXðxÞ þ C00ðtÞXðxÞ ¼ A2CðtÞX00ðxÞ þ B2C0ðtÞX00ðxÞ;

where the single and double primes (0 and 00) denote the first-

and second-order derivatives, respectively, with respect to

the only variable present. By separation of variables, we

have

1
s0

C0ðtÞ þ C00ðtÞ
A2CðtÞ þ B2C0ðtÞ ¼

X00ðxÞ
XðxÞ ¼ �k;

where �k is the separation constant. The separation equation

for the temporal part CðtÞ is thus

C00ðtÞ þ 1

s0

þ kB2

� �
C0ðtÞ þ kA2CðtÞ ¼ 0; (3.6)

and the homogeneous system for the spatial part XðxÞ is

X00ðxÞ þ kXðxÞ ¼ 0

�b1X0ð0Þ þ k1Xð0Þ ¼ 0; b2X0ðl1Þ þ k2Xðl1Þ ¼ 0

�
: (3.7)

The problem (3.7) is called an eigenvalue problem because it

has solutions only for certain values of the separation con-

stant k ¼ knðn ¼ 1; 2; 3;:::Þ, which are called the eigenval-
ues. The corresponding solutions XnðxÞ are called the

eigenfunctions of the problem.

The eigenvalue problem (3.7) is a general form encom-

passing nine problems corresponding to nine combinations

of boundary conditions. As an example to illustrate the deter-

mination of k and XðxÞ, we consider the case of all nonzero

b1, k1, b2, and k2

X00ðxÞ þ kXðxÞ ¼ 0

X0ð0Þ � h1Xð0Þ ¼ 0;X0ðl1Þ þ h2Xðl1Þ ¼ 0

h1 ¼ k1=b1; h2¼k2=b2:

8><
>: (3.8)
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If k ¼ 0, its general solution is XðxÞ ¼ c1xþ c2. Applying

the boundary conditions yields

c1 � h1c2 ¼ 0

c1ð1þ h2l1Þ þ h2c2 ¼ 0:

�

Its solution is c1 ¼ c2 ¼ 0, since D ¼ 1 �h1

1þ h2l1 h2

����
���� 6¼ 0.

We thus obtain the trivial solution XðxÞ 	 0. Therefore, k
cannot be zero.

If k < 0, the general solution of the equation in (3.8)

reads

XðxÞ ¼ c1 expð�axÞ þ c2 expðaxÞ;

where a2 ¼ �k and a > 0. Applying the boundary condi-

tions leads to

�ac1 þ ac2 ¼ 0

�a expð�al1Þ þ a expðal1Þ ¼ 0:

�

Its solution is still c1 ¼ c2 ¼ 0. We thus again obtain the

trivial solution XðxÞ 	 0. Therefore, the eigenvalues of (3.8)

must be positive.

For positive k ¼ b2 > 0, the general solution of the

equation in (3.8) reads

XðxÞ ¼ c1 cos bxþ c2 sin bx:

Applying the boundary conditions yields

bc2 � h1c1 ¼ 0; or c2 ¼ h1c1=b

�c1b sin bl1 þ c2b cos bl1 þ h2c1 cos bl1 þ h2c2 sin bl1 ¼ 0:

�

Either c1 or c2 cannot be zero to have a nontrivial solution.

Its solution is, by noting that h1 and h2 are physically posi-

tive values,

cot bl1 ¼
1

h1 þ h2

b� h1h2

b

� �
¼ 1

h1 þ h2ð Þl1

bl1 �
h1h2l2

1

bl1

� �
:

Let

f ðxÞ ¼ cot x� 1

h1 þ h2ð Þl1

x� h1h2l2
1

x

� �
: (3.9)

bl1 thus represents the zero points of f ðxÞ. Since f ðxÞ is an

odd function and k ¼ b2, we wish to find the positive zero

points of f ðxÞ only. Letting ln be the n-th positive zero point

of f ðxÞ, we have eigenvalues

kn ¼ b2
n ¼

ln

l1

� �2

; n ¼ 1; 2; 3;…:

The corresponding eigenfunctions can be written as

XnðxÞ ¼
ln

l1h1

cos
lnx

l1
þ sin

lnx

l1

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ln

l1h1

� �2
s

sin
lnx

l1
þ /n

� �
; (3.10)

where tan /n ¼ ln

l1h1
:

To summarize, we have eigenvalues kn ¼ ln=l1ð Þ2, with

ln being the positive zero points of f ðxÞ in Eq. (3.9); eigen-

functions XnðxÞ ¼ sin lnx=l1 þ /nð Þ, with tan /n ¼ ln=
l1h1ð Þ. Normal square of eigenfunction set is

XnðxÞk k2 ¼
ðl1

0

sin2 lnx

l1

þ /n

� �
dx

¼ l1

ln

ðl1

0

sin2 lnx

l1

þ /n

� �
d

lnx

l1

þ /n

� �

¼ l1

ln

ðl1

0

1

2
1� cos 2

lnx

l1
þ /n

� �
 �
d

lnx

l1
þ /n

� �

¼ l1

ln

1

2

lnx

l1
þ /n

� �
� 1

4
sin 2

lnx

l1
þ /n

� �
 �����l1
0

¼ l1

2
1� sin ln

ln

cos ln þ 2/nð Þ

 �

:

(3.11)

Since the two characteristic roots of (3.6) are

r1;2 ¼
1

2
� 1

s0

þ knB2

� �
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

s0

þ knB2

� �2

� 4knA2

s2
4

3
5

¼ an6bni;

where

an ¼ � 1
2

1
s0
þ knB2


 �
bn ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4knA2 � 1

s0
þ knB2


 �2
r

:

8>><
>>: (3.12)

The solution of (3.6) reads

CnðtÞ ¼ eant an cos bntþ bnsinbntð Þ:

Thus the solution of (3.5) has the form of

Tðx; tÞ ¼
X1
n¼1

eant an cos bntþ bnsinbntð Þ sin
lnx

l1
þ /n

� �
;

(3.13)

where an and bn are both constants to be determined. sinbnt
is defined by

sinbnt ¼
sin bnt; bn 6¼ 0

t; bn¼ 0:

�

Applying the initial condition Tðx; 0Þ ¼ 0 yields an ¼ 0.

Applying the initial condition @T=@tðx; 0Þ ¼ wðxÞ, bn can be

determined by

X1
n¼1

bnbn sin
lnx

l1

þ /n

� �
¼ wðxÞ;

so that

bn ¼
1

Nnbn

ðl1

0

wðxÞ sin
lnx

l1

þ /n

� �
dx;

104702-12 J. Fan and L. Wang J. Appl. Phys. 109, 104702 (2011)

Downloaded 20 May 2011 to 147.8.84.233. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



where b
n

is defined by

b
n
¼

bn; bn 6¼ 0

1; bn ¼ 0:

�
Nn is the normal square of sin

lnx
l1
þ /n


 �n o
, given by Eq.

(3.11).

Finally, we have the solution of (3.5)

Tðx; tÞ ¼
X1
n¼1

bneantsinbnt sin
lnx

l1
þ /n

� �

bn ¼
1

Nnbn

ðl1

0

wðxÞ sin
lnx

l1
þ /n

� �
dx:

8>>>><
>>>>:

(3.14)

kn, XnðxÞ, and Nn of the other eight combinations of bound-

ary conditions can also be obtained using a similar approach.

The results for all nine combinations are listed in Table II.

Tðx; tÞ ¼ Wwðx; tÞ given by (3.14) actually enjoys a very

elegant structure. We may use this structure and Table II to

write out Wwðx; tÞ directly. Let kn, XnðxÞ, and Nn be the

eigenvalues, eigenfunctions, and normal square of eigen-

functions from Table II based on given boundary conditions.

The structure of Wwðx; tÞ is thus

Wwðx; tÞ ¼
X

n

bneantsinbnt � XnðxÞ

bn ¼
1

Nnbn

ðl1

0

wðxÞXnðxÞdx;

8>>><
>>>: (3.15)

where
P

n denotes either
P1

n¼1 or
P1

n¼0 depending on the

boundary conditions, an and bn are given by Eq. (3.12). If

D ¼ 1=s0 þ knB2ð Þ2 � 4knA2 > 0 so that bn is purely imagi-

nary for some n, we can change sin bnt into

eibnt � e�ibnt
� ��

2ið Þ. The general term of the series solution

decays very quickly toward zero for all cases of

D > 0; ¼ 0; and < 0, which facilitates its applications of

taking only the first few terms.

Some important properties of eigenvalue problems

include, for example: (i) all eigenvalues are non-negative

and real-valued for all combinations of boundary conditions;

a vanished eigenvalue appears only when X0ð0Þ ¼ X0ðl1Þ
¼ 0; (ii) eigenvalues form a sequence of numbers which

monotonically increases toward infinity, whatever the

boundary conditions, i.e., 0 
 k1 
 k2 
 � � � 
 kk 
 � � � ;
limk!1 kk ¼ 1; (iii) all eigenfunction sets XnðxÞf g are or-

thogonal in 0; l1½ �, i.e., Xn;Xmð Þ ¼
Ð l1

0
XnðxÞXmðxÞdx ¼ 0;

n 6¼ m; (iv) any function f ðxÞ 2 L2 a; b½ � can be expanded

into a generalized Fourier series by an eigenfunction set,

i.e.,

f ðxÞ ¼
X1
n¼1

cnXnðxÞ

cn ¼
1

Nn

ðb

a

XnðxÞf ðxÞdx;Nn ¼
ðb

a

X2
nðxÞdx;

8>>><
>>>:

where
ffiffiffiffiffiffi
Nn

p
is called the normal of XnðxÞf g and serves as the

measure of function size. Therefore, XnðxÞf g forms a

TABLE II. Eigenvalues, eigenfunctions, and normal square of eigenfunctions for nine combinations of boundary conditions.

x ¼ 0 x ¼ l Eigenvalues Eigenfunctions Normal square Mm Notes

1) X ¼ 0 mp
l


 �2
sin

mpx

l
l

2

m ¼ 1; 2;…

2) X ¼ 0 X0 ¼ 0 2mþ 1ð Þp
2l


 �2

sin
2mþ 1ð Þpx

2l

l

2

m ¼ 0; 1;…

3) X0 þ h2X ¼ 0

h2 > 0

lm

l


 �2
sin

lmx

l
l

2
1� sin 2lm

2lm

� �
lm(m ¼ 1; 2;…) are

positive zero-points of

f ðxÞ ¼ tan xþ x
lh2

4) X ¼ 0 2mþ 1ð Þp
2l


 �2

cos
2mþ 1ð Þpx

2l

l

2

m ¼ 0; 1;…

5) X0 ¼ 0 X0 ¼ 0 mp
l


 �2
cos

mpx

l l;
l

2

m ¼ 0; 1;…

6) X0 þ h2X ¼ 0

h2 > 0

lm

l


 �2
cos

lmx

l
l

2
1þ sin 2lm

2lm

� �
lm(m ¼ 1; 2;…) are

positive zero-points of

gðxÞ ¼ cot x� x
lh2

7) X ¼ 0 lm

l


 �2
sin

lm

l
xþ um


 �
tan um ¼

lm

lh1

l

2
1� sin lm

lm




� cos lm þ 2umð Þ
�

lm(m ¼ 1; 2;…) are

positive zero-points of

f ðxÞ ¼ tan xþ x
lh1

8) X0 � h1X ¼ 0

h1 > 0

X0 ¼ 0 lm

l


 �2
sin

lm

l
xþ um


 �
tan um ¼

lm

lh1

l

2
1� sin lm

lm




� cos lm þ 2umð Þ
�

lm(m ¼ 1; 2;…) are

positive zero-points of

f ðxÞ ¼ cot x� x
lh1

9) X0 þ h2X ¼ 0

h2 > 0

lm

l


 �2
sin

lm

l
xþ um


 �
tan um ¼

lm

lh1

l

2
1� sin lm

lm




� cos lm þ 2umð Þ
�

lm(m ¼ 1; 2;…) are

positive zero-points of

f ðxÞ ¼ cot x� 1

l h1 þ h2ð Þ
� x�l2h1h2

x


 �
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complete and orthogonal set in a; b½ � and limM0!1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ b
a ½f ðxÞ �

PM0

n¼1 cnXnðxÞ�
2
dx

q
¼ 0.

Similarly for two-dimensional case, problem (3.2)

becomes

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @2T

@x2
þ @

2T

@y2

� �
þ B2 @

@t

@2T

@x2
þ @

2T

@y2

� �
; D� ð0;þ1Þ

L T;
@T

@n

� �����
@D

¼ 0

Tðx; y; 0Þ ¼ 0;
@T

@t
ðx; y; 0Þ ¼ wðx; yÞ;

8>>>>>>><
>>>>>>>:

(3.16)

where D is the rectangular domain:0 < x < l1; 0 < y < l2; @D

denotes its boundary. Its solution Wwðx; y; tÞ has the form of

Wwðx; y; tÞ ¼
X
n;m

bnmeanmtsinbnmt � XnðxÞYmðyÞ

bnm ¼
1

NnNmb
nm

ðð
D

wðx; yÞXnðxÞYmðyÞdxdy;

8>>><
>>>: (3.17)

where
P

n;m is a double summation and denotes
P1

n¼1;m¼1 ,P1
n¼0;m¼0,

P1
n¼1;m¼0, or

P1
n¼0;m¼0 depending on the given

boundary conditions in the x- and y-directions. anm and bnm

are

anm ¼ �
1

2

1

s0

þ kn þ kmð ÞB2


 �
;

bnm ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 kn þ kmð ÞA2 � 1

s0

þ kn þ kmð ÞB2


 �2
s

:

kn, XnðxÞ, and Nn are the eigenvalues, eigenfunctions, and

normal square of eigenfunctions, respectively, in the x-direc-

tion. km, YmðyÞ; and Nm are the eigenvalues, eigenfunctions,

and normal square of eigenfunctions, respectively, in the y-

direction. They can be obtained directly from Table II based

on the corresponding boundary conditions.

For three-dimensional cases, problem (3.2) becomes

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @2T

@x2
þ @

2T

@y2
þ @

2T

@z2

� �
þ B2 @

@t

@2T

@x2
þ @

2T

@y2
þ @

2T

@z2

� �
; X� ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0

Tðx; y; z; 0Þ ¼ 0;
@T

@t
ðx; y; z; 0Þ ¼ wðx; y; zÞ;

8>>>>>>><
>>>>>>>:

(3.18)

where X is the cubic domain: 0 < x < l1; 0 < y < l2; 0
< z < l3. @X denotes its boundary. Its solution Wwðx; y; z; tÞ
reads

Wwðx; y; z; tÞ ¼
X
n;m;k

bnmkeanmktsinbnmkt � XnðxÞYmðyÞZkðzÞ

bnmk ¼
1

NnNmNkbnmk

ððð
X

wðx; y; zÞXnðxÞYmðyÞZkðzÞdxdydz;

8>>><
>>>:

(3.19)

where
P

n;m;k is a triple summation and has eight possibil-

ities depending on the given boundary conditions in the x-,

y-, and z-directions. anmk and bnmk are given by

anmk ¼ �
1

2

1

s0

þ kn þ km þ kkð ÞB2


 �
;

bnmk ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 kn þ km þ kkð ÞA2 � 1

s0

þ kn þ km þ kkð ÞB2


 �2
s

:

kn, km, kk, XnðxÞ, YmðyÞ, ZkðzÞ, Nn, Nm; and Nk are the eigen-

values, eigenfunctions, and normal squares of eigenfunctions

in the three directions, respectively. They can be obtained

from Table II based on the corresponding boundary condi-

tions. Note that we can also use other methods, such as Fou-

rier expansion, to obtain the same results.

Now we give Theorems 1 and 2 which relate the solu-

tion of the w� contribution problem (3.2) with the solutions

of u � contribution problem (3.3) and f� contribution prob-

lem (3.4), respectively, for Cartesian coordinates.

Theorem 1. Let WwðM; tÞ denote the solution of (3.2).

The solution of (3.3) can be written as

TðM; tÞ ¼ 1

s0

þ @

@t

� �
WuðM; tÞ þ B2WkuðM; tÞ; (3.20)

where

k ¼

kn; one-dimensional ð1DÞ case

kn þ km; two-dimensional ð2DÞ case

kn þ km þ kk; three-dimensional ð3DÞ case;

8>><
>>:
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kn, km, and kk are the eigenvalues corresponding to the eigen-

value problems in the x-, y- and z-directions, respectively.

Proof. Again starting from one-dimensional cases, we

need to prove that the solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @

2T

@x2
þ B2 @3T

@t@x2
; ð0; l1Þ � ð0;þ1Þ

L T;
@T

@n

� �����
x¼0;l1

¼ 0

Tðx; 0Þ ¼ uðxÞ; @T

@t
ðx; 0Þ ¼ 0

8>>>>>>><
>>>>>>>:

(3.21)

is

Tðx; tÞ ¼ 1

s0

þ @

@t

� �
Wuðx; tÞ þ B2Wknuðx; tÞ; (3.22)

where Wu and Wknu are both with the form of Eq. (3.15) but

replacing wðxÞ with uðxÞ and knuðxÞ, respectively, which has

been obtained by using the method of separation of variables.

By the same method, problem (3.21) has the solution of

Tðx; tÞ ¼
X

n

eant cn cos bntþ dnsinbntð ÞXnðxÞ: (3.23)

Thus,

@T

@t
ðx; tÞ ¼

X
n

eant½anðcn cos bntþ dnsinbntÞ

þ ð�cnbn sin bntþ dnbn
cos bntÞ�XnðxÞ:

Applying the two initial condition leads to

cnan þ dnbn
¼ 0; or dn ¼ �

an

b
n

cn;

cn ¼
1

Nn

ðl1

0

uðxÞXnðxÞdx;

where Nn is the normal square of XnðxÞf g:
We need to prove that the solutions given by (3.22) and

(3.23) are the same. By Eq. (3.15), we have

@

@t
Wuðx; tÞ ¼

X
n

b�neant ansinbntþ b
n

cos bnt

 �

XnðxÞ

b�n ¼
1

Nnbn

ðl1

0

uðxÞXnðxÞdx ¼ cn

b
n

8>>><
>>>:

or

@

@t
Wuðx; tÞ ¼

X
n

eant cn cos bntþ an

b
n

cnsinbnt

 !
XnðxÞ

¼
X

n

eant cn cos bnt� dnsinbntð ÞXnðxÞ:

Also by Eq. (3.15),

1

s0

Wuðx; tÞ þ B2Wknuðx; tÞ

¼
X

n

1

s0

þ knB2

� �
b�neantsinbnt � XnðxÞ

¼
X

n

�2
an

b
n

cneantsinbnt � XnðxÞ

¼
X

n

2dneantsinbnt � XnðxÞ:

Therefore, by adding @Wuðx; tÞ=@t and 1=s0ð ÞWuðx; tÞ
þB2Wknuðx; tÞ, the solution given by (3.22) is indeed equal

to that given by (3.23).

Similarly, for two-dimensional cases, the solution of the

uðx; yÞ � contribution problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @2T

@x2
þ @

2T

@y2

� �
þ B2 @

@t

@2T

@x2
þ @

2T

@y2

� �
; D� ð0;þ1Þ

L T;
@T

@n

� �����
@D

¼ 0

Tðx; y; 0Þ ¼ uðx; yÞ; @T

@t
ðx; y; 0Þ ¼ 0

8>>>>>>><
>>>>>>>:

(3.24)

can be obtained by separation of variables as

Tðx; y; tÞ ¼
X
n;m

eanmt cnm cos bnmtþ dnmsinbnmtð ÞXnðxÞYmðyÞ

cnm ¼
1

NnNm

ðð
D

uðx; yÞXnðxÞYmðyÞdxdy

dnm ¼ �
anm

b
nm

cnm;

8>>>>>>>><
>>>>>>>>:

(3.25)
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where Nn and Nm are the normal squares of XnðxÞf g and YmðyÞf g.
By Eq. (3.17), we have

@

@t
Wuðx; y; tÞ ¼

X
n;m

b�nmeanmt anmsinbnmtþ b
nm

cos bnmt

 �

XnðxÞYmðyÞ

b�nm ¼
1

NnNmb
nm

ðð
D

uðx; yÞXnðxÞYmðyÞdxdy ¼ cnm

b
nm

8>>>><
>>>>:

or

@

@t
Wuðx; y; tÞ ¼

X
n;m

eanmt cnm cos bnmtþ anm

b
m

cnmsinbnmt

 !
XnðxÞYmðyÞ ¼

X
n;m

eanmt cnm cos bnmt� dnmsinbnmtð ÞXnðxÞYmðyÞ:

Also,

1

s0

Wuðx; y; tÞ þ B2W knþkmð Þuðx; y; tÞ ¼
X
n;m

1

s0

þ kn þ kmð ÞB2


 �
b�nmeanmtsinbnmt � XnðxÞYmðyÞ

¼
X
n;m

�2
anm

b
nm

cnmeanmtsinbnmt � XnðxÞYmðyÞ ¼
X
n;m

2dnmeanmtsinbnmt � XnðxÞYmðyÞ:

By adding @Wuðx; y; tÞ=@t and 1=s0ð ÞWuðx; y; tÞ þ B2 W knþkmð Þuðx; y; tÞ, we can prove the solution given by Theorem 1 is the

same with that given by (3.25).

For three-dimensional cases, the uðx; y; zÞ � contribution problem becomes

We may obtain its solution directly by separation of variables

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @2T

@x2
þ @

2T

@y2
þ @

2T

@z2

� �
þ B2 @

@t

@2T

@x2
þ @

2T

@y2
þ @

2T

@z2

� �
; X� ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0

Tðx; y; z; 0Þ ¼ uðx; y; zÞ; @T

@t
ðx; y; z; 0Þ ¼ 0:

8>>>>>>><
>>>>>>>:

(3.26)

We may obtain its solution directly by separation of variables

Tðx; y; z; tÞ ¼
X
n;m;k

eanmkt cnmk cos bnmktþ dnmksinbnmktð ÞXnðxÞYmðyÞZkðzÞ

cnmk ¼
1

NnNmNk

ððð
X

uðx; y; zÞXnðxÞYmðyÞZkðzÞdxdydz

dnmk ¼ �
anmk

b
nmk

cnmk;

8>>>>>>>><
>>>>>>>>:

(3.27)

where Nn, Nm, and Nk are the normal squares of XnðxÞf g, YmðyÞf g, and ZkðzÞf g, respectively. By substituting Wuðx; y; zÞ based

on Eq. (3.19) into @Wu=@t, we have

@

@t
Wuðx; y; z; tÞ ¼

X
n;m;k

b�nmkeanmkt anmksinbnmktþ b
nmk

cos bnmkt

 �

XnðxÞYmðyÞZkðzÞ

b�nmk ¼
1

NnNmNkbnmk

ððð
X

uðx; y; zÞXnðxÞYmðyÞZkðzÞdxdydz ¼ cnmk

b
nmk

8>>>><
>>>>:

or

@

@t
Wuðx; y; z; tÞ ¼

X
n;m;k

eanmkt cnmk cos bnmktþ anmk

b
m

cnmksinbnmkt

 !
XnðxÞYmðyÞZkðzÞ

¼
X
n;m;k

eanmkt cnmk cos bnmkt� dnmksinbnmktð ÞXnðxÞYmðyÞZkðzÞ
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and

1

s0

Wuðx; y; z; tÞ þ B2W knþkmþkkð Þuðx; y; z; tÞ

¼
X
n;m;k

1

s0

þ kn þ km þ kkð ÞB2


 �
b�nmkeanmktsinbnmkt

� XnðxÞYmðyÞZkðzÞ

¼
X
n;m;k

�2
anmk

b
nmk

cnmkeanmktsinbnmkt � XnðxÞYmðyÞZkðzÞ

¼
X
n;m;k

2dnmkeanmktsinbnmkt � XnðxÞYmðyÞZkðzÞ:

It is thus easy to prove that 1=s0 þ @=@tð ÞWuðx; y; z; tÞ
þB2W knþkmþkkð Þuðx; y; z; tÞ gives the same solution as that in

(3.27). Therefore, we have successively proved Theorem 1

for 1D, 2D, and 3D cases in Cartesian coordinates.

Theorem 2

Let WwðM; tÞ denote the solution of (3.2). The solution

of (3.4) can be written as

TðM; tÞ ¼
ðt

0

WfsðM;t�sÞds; (3.28)

where fs ¼ f ðM; sÞ:

Proof. We need to prove that the solution given by Eq.

(3.28) satisfies the equation, the boundary conditions and the

initial conditions in problem (3.4). By the definition of

WfsðM; t� sÞ, we have

1

s0

@Wfs

@t
þ @

2Wfs

@t2
� A2DWfs � B2 @

@t
DWfs ¼ 0

L Wfs ;
@Wfs

@n

� �����
@X

¼ 0

WfsðM; t� sÞ
��
t¼s ¼ 0;

@

@t
WfsðM; t� sÞ

����
t¼s

¼ f ðM; sÞ:

8>>>>>>>><
>>>>>>>>:

(3.29)

After substituting Eq. (3.28) into the equation of (3.4) and

applying the equation in (3.29), we obtain

1

s0

@T

@t
þ @

2T

@t2
� A2DT � B2 @

@t
DT ¼ 1

s0

@

@t

ðt

0

WfsðM; t� sÞdsþ @2

@t2

ðt

0

WfsðM; t� sÞds

� A2D
ðt

0

WfsðM; t� sÞds� B2 @

@t
D
ðt

0

WfsðM; t� sÞds

¼ 1

s0

ðt

0

@WfsðM; t� sÞ
@t

dsþWfsðM; t� sÞ
��
s¼t


 �
þ
ðt

0

@2WfsðM; t� sÞ
@t2

dsþ @WfsðM; t� sÞ
@t

����
s¼t

� A2

ðt

0

DWfsðM; t� sÞds� B2 @

@t

ðt

0

DWfsðM; t� sÞds

¼ 1

s0

ðt

0

@WfsðM; t� sÞ
@t

dsþ
ðt

0

@2WfsðM; t� sÞ
@t2

dsþ f ðM; tÞ

� A2

ðt

0

DWfsðM; t� sÞds� B2

ðt

0

@

@t
DWfsðM; t� sÞdsþ DWfsðM; t� sÞ

��
s¼t


 �

¼
ð t

0

1

s0

@WfsðM; t� sÞ
@t

þ @
2WfsðM; t� sÞ

@t2
� A2DWfsðM; t� sÞ � B2 @

@t
DWfsðM; t� sÞ

� �
ds

þ f ðM; tÞ ¼ f ðM; tÞ

in which WfsðM; t� sÞ
��
s¼t
¼ 0 and @WfsðM; t� sÞ=@t

��
s¼t

¼ f ðM; tÞ have been used. Therefore, T ¼
Ð t

0
WfsðM; t� sÞds

given by (3.28) satisfies the equation in (3.4).

By substituting Eq. (3.28) into the boundary conditions

of (3.4) and applying the boundary conditions of (3.29), we

have

L T;
@T

@n

� �����
@X

¼L

ðt

0

WfsðM;t�sÞds;
@

@n

ðt

0

WfsðM;t�sÞds

� �����
@X

¼L

ðt

0

WfsðM;t�sÞds;
ðt

0

@

@n
WfsðM;t�sÞds

� �����
@X

¼
ðt

0

L WfsðM;t�sÞ; @
@n

WfsðM;t�sÞ
� �����

@X

ds¼0:

Therefore, T ¼
Ð t

0
WfsðM; t� sÞds given by (3.28) satisfies

the boundary conditions in (3.4). Also,ðt

0

WfsðM; t� sÞds

����
t¼0

¼ 0;

@

@t

ðt

0

WfsðM; t� sÞds

����
t¼0

¼
ðt

0

@WfsðM; t� sÞ
@t

dsþWfsðM; t� sÞ
��
s¼t


 �����
t¼0

¼ 0:

Equation (3.28) also satisfies the initial conditions in (3.4).

We have thus successfully proved Theorem 2 for Cartesian

coordinates.
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As a summary, the solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTþB2 @

@t
DTþ f ðM; tÞ; X�ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0;ð0;þ1Þ

TðM;0Þ ¼uðMÞ; @T

@t
ðM;0Þ ¼wðMÞ; X

8>>>>>>><
>>>>>>>:

(3.30)

is

TðM; tÞ ¼ WwðM; tÞ þ
1

s0

þ @

@t

� �
WuðM; tÞ

þ B2WkuðM; tÞ þ
ðt

0

WfsðM; t� sÞds; (3.31)

where X denotes the domain of

0< x< l1; one-dimensional case

0< x< l1;0< y< l2; two-dimensional case

0< x< l1;0< y< l2;0< z< l3; three-dimensional case:

8><
>:
@X is the boundary of X. WwðM; tÞ is the solution at

f ¼ u ¼ 0, with the form of

WwðM; tÞ ¼
X

bFðMÞeatsinbt

b ¼ 1

Nb

ð
X

wðMÞFðMÞdX

8><
>: (3.32)

in which
P

denotes
P

n,
P

n;m, and
P

n;m;k for 1D, 2D, and

3D cases, respectively. n, m, and k can start from either 0 or

1 depending on the given boundary conditions in the x-, y-,

or z-directions, respectively. FðMÞ, a, k, and N are given by

FðMÞ ¼
XnðxÞ; one-dimensional case

XnðxÞYmðyÞ; two-dimensional case

XnðxÞYmðyÞZkðzÞ; three-dimensional case;

8><
>:

(3.33)

a ¼ � 1

2

1

s0

þ kB2

� �
; b ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kA2 � 1

s0

þ kB2

� �2
s

;

(3.34)

where

k ¼
kn; one-dimensional case

kn þ km; two-dimensional case

kn þ km þ kk; three-dimensional case;

8><
>: (3.35)

N ¼
Nn; one-dimensional case

NnNm; two-dimensional case

NnNmNk; three-dimensional case:

8><
>: (3.36)

The integral
Ð
X denotes the definite integral, double integral,

and triple integral depending on the dimensions of X. The

eigenvalues, eigenfunctions, and normal squares of eigen-

functions (kn, km, kk, XnðxÞ, YmðyÞ, ZkðzÞ, Nn, Nm, and Nk)

can be directly obtained from Table II based on the corre-

sponding boundary conditions.

To apply the solution structure theorem and the method of

separation of variables (or Fourier expansion method), the

boundary conditions must be linear, homogeneous, separable,

and with constant coefficients. If b is purely imaginary for some

n, m, and k, we can change sin bt into eibt � e�ibt
� ��

2ið Þ.
When uðMÞ and wðMÞ satisfy the consistency conditions,

i.e., both satisfying the boundary conditions (well-posed prob-

lem), we have another form of solution structure theorem for

the uðMÞ � contribution problem:

Theorem 10. Let WwðM; tÞ be the solution of the well-
posed problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT; X� ð0;þ1Þ

LðT; @T

@n
Þ
����
@X

¼ 0; ð0;þ1Þ

TðM; 0Þ ¼ 0;
@T

@t
ðM; 0Þ ¼ wðMÞ; X:

8>>>>>>><
>>>>>>>:

(3.37)

The solution of the well-posed problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT; X� ð0;þ1Þ

LðT; @T

@n
Þ
����
@X

¼ 0; ð0;þ1Þ

TðM; 0Þ ¼ uðMÞ; @T

@t
ðM; 0Þ ¼ 0; X

8>>>>>>>><
>>>>>>>>:

(3.38)

is

TðM; tÞ ¼ 1

s0

þ @

@t

� �
WuðM; tÞ þW�B2DuðM; tÞ: (3.39)

Proof. According to Theorem 1, we only need to prove

B2WkuðM; tÞ ¼ W�B2DuðM; tÞ (3.40)

for well-posed problems. By Eq. (3.32), we have

B2WkuðM; tÞ ¼
X

kB2b�FðMÞeatsinbt

b� ¼ 1

Nb

ð
X

uðMÞFðMÞdX;

8><
>:

W�B2DuðM; tÞ ¼
X

b��FðMÞeatsinbt

b�� ¼ 1

Nb

ð
X
�B2DuðMÞFðMÞdX;

8><
>:

where FðMÞ, a; b; k, and N have been defined in Eqs. (3.33)–

(3.36). Therefore, we wish to prove that

k
ð

X
uðMÞFðMÞdX ¼ �

ð
X

DuðMÞFðMÞdX; (3.41)
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where

k¼

kn¼�
X00n
Xn
; one-dimensional case

knþkm¼�
X00n
Xn
þY00m

Ym

� �
; two-dimensional case

knþkmþkk¼
X00n
Xn
þY00m

Ym
þZ00k

Zk

� �
; three-dimensional case:

8>>>>>><
>>>>>>:

Noting that for well-posed problems, uðMÞ also satisfies the

separable boundary conditions, so that it can be written as

uðMÞ ¼
uðxÞ; one-dimensional case

u1ðxÞu2ðyÞ; two-dimensional case

u1ðxÞu2ðyÞu3ðzÞ; three-dimensional case:

8><
>:

Thus,

DuðMÞ ¼
u00ðxÞ; one-dimensional case

u001ðxÞu2ðyÞ þ u002ðyÞu1ðxÞ; two-dimensional case

u001ðxÞu2ðyÞu3ðzÞ þ u002ðyÞu1ðxÞu3ðzÞ þ u003ðzÞu1ðxÞu2ðyÞ; three-dimensional case:

8><
>:

In the following, we prove Eq. (3.41) for 1D, 2D, and 3D cases successively.

For one-dimensional case,

k
ð

X
uðMÞFðMÞdX ¼ �X00n

Xn

ðl1

0

uðxÞXnðxÞdx

¼ �
ðl1

0

X00nðxÞuðxÞdx

¼
ðl1

0

X0nðxÞu0ðxÞdx� X0nðxÞuðxÞjl10

¼ XnðxÞu0ðxÞ � X0nðxÞuðxÞ½ �jl10�
ðl1

0

XnðxÞu00ðxÞdx

¼ �
ðl1

0

XnðxÞu00ðxÞdx ¼ �
ð

X
DuðMÞFðMÞdX;

where the relation

XnðxÞu0ðxÞ � X0nðxÞuðxÞ½ �jx¼0;l1
¼ 0

has been used since both XnðxÞ and uðxÞ satisfy the same linear homogeneous boundary conditions at x ¼ 0 and x ¼ l1.

For two-dimensional case,

k
ð

X
uðMÞFðMÞdX ¼ � X00n

Xn
þ Y00m

Ym

� �ðl2

0

ðl1

0

u1ðxÞu2ðyÞXnðxÞYmðyÞdxdy

¼ �
ðl1

0

u1ðxÞX00nðxÞdx

ðl2

0

u2ðyÞYmðyÞdy�
ðl2

0

u2ðyÞY00mðyÞdy

ðl1

0

u1ðxÞXnðxÞdx

¼ XnðxÞu01ðxÞ � X0nðxÞu1ðxÞ½ �jl10�
ðl1

0

XnðxÞu001ðxÞdx

� �ðl2

0

u2ðyÞYmðyÞdy

þ YmðyÞu02ðyÞ � Y0mðyÞu2ðyÞ½ �jl20�
ðl2

0

YmðyÞu002ðyÞdy

� �ðl1

0

u1ðxÞXnðxÞdx

¼ �
ðl1

0

XnðxÞu001ðxÞdx

ðl2

0

u2ðyÞYmðyÞdy�
ðl2

0

YmðyÞu002ðyÞdy

ðl1

0

u1ðxÞXnðxÞdx

¼ �
ðl2

0

ðl1

0

u001ðxÞu2ðyÞ þ u002ðyÞu1ðxÞ½ �XnðxÞYmðyÞdxdy

¼ �
ð

X
DuðMÞFðMÞdX;
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where the relations

XnðxÞu01ðxÞ � X0nðxÞu1ðxÞ½ �jx¼0;l1
¼ 0;

YmðyÞu02ðyÞ � Y0mðyÞu2ðyÞ½ �jy¼0;l2
¼ 0

have been used because FðMÞ ¼ XnðxÞYmðyÞ and uðMÞ ¼
u1ðxÞu2ðyÞ satisfy the same linear homogeneous boundary

conditions in both x- and y-directions.

For three-dimensional case,

k
ð

X
uðMÞFðMÞdX ¼ � X00n

Xn
þ Y00m

Ym
þ Z00k

Zk

� �ðl3

0

ðl2

0

ðl1

0

u1ðxÞu2ðyÞu3ðzÞXnðxÞYmðyÞZkðzÞdxdydz

¼ �
ðl1

0

u1ðxÞX00nðxÞdx

ðl2

0

u2ðyÞYmðyÞdy

ðl3

0

u3ðzÞZkðzÞdz

�
ðl2

0

u2ðyÞY00mðyÞdy

ðl1

0

u1ðxÞXnðxÞdx

ðl3

0

u3ðzÞZkðzÞdz

�
ðl3

0

u3ðzÞZ00kðzÞdz

ðl1

0

u1ðxÞXnðxÞdx

ðl2

0

u2ðyÞY00mðyÞdy

¼ XnðxÞu01ðxÞ � X0nðxÞu1ðxÞ½ �jl10�
ðl1

0

XnðxÞu001ðxÞdx

� �ðl2

0

u2ðyÞYmðyÞdy

ðl3

0

u3ðzÞZkðzÞdz

þ YmðyÞu02ðyÞ � Y0mðyÞu2ðyÞ½ �jl20�
ðl2

0

YmðyÞu002ðyÞdy

� �ðl1

0

u1ðxÞXnðxÞdx

ðl3

0

u3ðzÞZkðzÞdz

þ ZkðzÞu03ðzÞ � Z0kðzÞu3ðzÞ½ �jl30�
ðl3

0

ZkðzÞu003ðzÞdz

� �ðl1

0

u1ðxÞXnðxÞdx

ðl2

0

u2ðyÞYmðyÞdy

¼ �
ðl1

0

XnðxÞu001ðxÞdx

ðl2

0

u2ðyÞYmðyÞdy

ðl3

0

u3ðzÞZkðzÞdz

�
ðl2

0

YmðyÞu002ðyÞdy

ðl1

0

u1ðxÞXnðxÞdx

ðl3

0

u3ðzÞZkðzÞdz

�
ðl3

0

ZkðzÞu003ðzÞdz

ðl1

0

u1ðxÞXnðxÞdx

ðl2

0

u2ðyÞYmðyÞdy

¼ �
ðl3

0

ðl2

0

ðl1

0

u001ðxÞu2ðyÞu3ðzÞ þ u002ðyÞu1ðxÞu3ðzÞ þ u003ðzÞu1ðxÞu2ðyÞ½ �XnðxÞYmðyÞZkðzÞdxdydz

¼ �
ð

X
DuðMÞFðMÞdX;

where the relations

XnðxÞu01ðxÞ � X0nðxÞu1ðxÞ½ �jx¼0;l1
¼ 0;

YmðyÞu02ðyÞ � Y0mðyÞu2ðyÞ½ �jy¼0;l2
¼ 0;

ZkðkÞu03ðzÞ � Z0kðzÞu3ðzÞ½ �jz¼0;l3
¼ 0

have been used because FðMÞ ¼ XnðxÞYmðyÞZkðzÞ and

uðMÞ ¼ u1ðxÞu2ðyÞu3ðzÞ satisfy the same linear homogene-

ous boundary conditions in x-, y-, and z-directions. There-

fore, we have proved Theorem 10 for 1D, 2D, and 3D cases.

In summary, the solution of the well-posed problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT þ f ðM; tÞ; X� ð0;þ1Þ

L T;
@T

@n

� �����
@X

¼ 0; ð0;þ1Þ

TðM; 0Þ ¼ uðMÞ; @T
@t ðM; 0Þ ¼ wðMÞ; X

8>>>>><
>>>>>:

(3.42)

can also be written as

TðM; tÞ ¼ WwðM; tÞ þ
1

s0

þ @

@t

� �
WuðM; tÞ

þW�B2DuðM; tÞ þ
ðt

0

WfsðM; t� sÞds; (3.43)

where WwðM; tÞ is the solution at f ¼ u ¼ 0 with the form of

(3.32).

2. Polar coordinates

Boundary conditions of all three types for mixed prob-

lems in a circular domain become separable with respect to

the spatial variables in a two-dimensional polar coordinate

system. In this section we focus on the solution of the mixed

problem:
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1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h; tÞ þ B2 @

@t
DTðr; h; tÞ þ f ðr; h; tÞ; D� ð0;þ1Þ

L T; @T
@r


 ����
r¼r0

¼ 0; ð0;þ1Þ

Tðr; h; 0Þ ¼ uðr; hÞ; @T
@t
ðr; h; 0Þ ¼ wðr; hÞ; D;

8>>>>><
>>>>>:

(3.44)

where D denotes the circular domain: 0 < r < r0 and

0 < h < 2p. D is the Laplacian in polar coordinates:

@2
�
@r2 þ 1=rð Þ@=@r þ 1=r2


 �
@2
�
@h2. L T; @T=@rð Þjr¼r0

¼ 0 encompasses all three types of linear homogeneous

boundary conditions, with @T=@r standing for the normal de-

rivative on the circle r ¼ r0. The linearity of (3.44) ensures

that its solution is the superposition of three solutions from

wðr; hÞ, uðr; hÞ; and f ðr; h; tÞ; respectively. Following a simi-

lar procedure in Sec. III A 1, we first develop the solution of

the w� contribution problem in polar coordinates, and then

give and prove the theorems that relate the solution of the

w� contribution problem with solutions of the u� and f�
contribution problems.

The solution from wðr; hÞ satisfies

1

s0

@T

@t
þ@

2T

@t2
¼A2DTðr;h; tÞþB2 @

@t
DTðr;h; tÞ;D�ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0;

Tðr;h;0Þ¼ 0; @T
@t ðr;h;0Þ¼wðr;hÞ:

8>>>>>><
>>>>>>:

(3.45)

Considering a solution with the form of Tðr; h; tÞ ¼
vðr; hÞCðtÞ and substituting it into the equation in (3.45)

yield, with �k as the separation constant,

C00ðtÞ þ 1
s0

C0ðtÞ
A2CðtÞ þ B2C0ðtÞ ¼

Dvðr; hÞ
vðr; hÞ ¼ �k:

Thus, we arrive at

C00ðtÞ þ 1

s0

þ kB2

� �
C0ðtÞ þ kA2CðtÞ ¼ 0 (3.46)

and

Dvðr; hÞ þ kvðr; hÞ ¼ 0 or
@2v

@r2
þ 1

r

@v

@r
þ 1

r2

@2v

@h2
þ kv ¼ 0

L v;
@v

@r

� �����
r¼r0

¼ 0; vðr; hþ 2pÞ ¼ vðr; hÞ;

8>>><
>>>:

(3.47)

where vðr; hþ 2pÞ ¼ vðr; hÞ is a natural boundary condition.

Further, assuming a solution of (3.47) with the form of

vðr; hÞ ¼ RðrÞHðhÞ, (3.47) becomes, with �l as the separa-

tion constant,

R00 þ 1

r
R0 þ kR

� R

r2

¼ H00

H
¼ �l:

Therefore,

R00 þ 1

r
R0 þ k� l

r2


 �
R ¼ 0;L R;R0ð Þjr¼r0

¼ 0; (3.48)

H00 þ lH ¼ 0;Hðhþ 2pÞ ¼ HðhÞ: (3.49)

The problem (3.49) has the solution of

HðhÞ ¼ an cos nhþ bn sin nh (3.50)

with l ¼ n2; n ¼ 0; 1; 2;::: to satisfy the periodic condition

Hðhþ 2pÞ ¼ HðhÞ.
Substituting l ¼ n2 into Eq. (3.48) yields an eigenvalue

problem of Bessel equations with kn > 0:

R00n þ
1

r
R0n þ kn �

n2

r2

� �
Rn ¼ 0

L Rn;R
0
nð Þjr¼r0

¼ 0; Rnð0Þj j <1; R0nð0Þj j <1;

8><
>: (3.51)

where the bounded conditions Rnð0Þj j <1 and

R0nð0Þj j <1 are another kind of natural boundary condition.

The general solution of (3.51) is

RnðrÞ ¼ cnJnð
ffiffiffiffiffi
kn

p
rÞ þ dnYnð

ffiffiffiffiffi
kn

p
rÞ;

where cn and dn are arbitrary constants. Jn and Yn are the n-

th order Bessel functions of the first and the second kinds,

respectively. Applying the bounded condition Rnð0Þj j <1
and limr!0 Ynð

ffiffiffiffiffi
kn

p
rÞ ¼ 1, we obtain dn ¼ 0 : Therefore,

the eigenfunctions and eigenvalues of (3.51) for three types

of linear homogeneous boundary conditions are

Jnð
ffiffiffiffiffiffiffi
knm

p
rÞ; knm ¼ lðnÞm =r0


 �2

; (3.52)

where lðnÞm is the m-th (m ¼ 1; 2; 3; :::) positive zero point of

JnðxÞ; 1st type of boundary condition: Rðr0Þ ¼ 0;

J0nðxÞ; 2nd type of boundary condition: R0ðr0Þ ¼ 0; lð0Þ1 ¼ 0;

1

r0

xJ0nðxÞ þ hJnðxÞ; 3rd type of boundary condition: R0ðr0Þ þ hRðr0Þ ¼ 0:

8>>><
>>>: (3.53)
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With these eigenvalues knm, we obtain the solution of the

(3.47)

vnmðr; hÞ ¼ anm cos nhþ bnm sin nhð ÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞ;

where anm and bnm are not all zero. We can also have the

characteristic roots of Eq. (3.46):

r1;2 ¼
1

2
� 1

s0

þ knmB2

� �
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

s0

þ knmB2

� �2

� 4knmA2

s2
4

3
5

¼ anm6bnmi;

anm ¼ �
1

2

1

s0

þ knmB2

� �
; (3.54)

bnm ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4knmA2 � 1

s0

þ knmB2

� �2
s

: (3.55)

Therefore, the Tðr; h; tÞ that satisfies the equation and bound-

ary conditions of (3.45) reads

Tðr; h; tÞ ¼
Xþ1

n¼0;m¼1

eanmt a�nm cos bnmtþ b�nmsinbnmt
� �

cos nh
�

þ c�nm cos bnmtþ d�nmsinbnmt
� �

sin nh
�
Jnð

ffiffiffiffiffiffiffi
knm

p
rÞ:

The initial condition Tðr; h; 0Þ ¼ 0 leads to a�nm ¼ c�nm ¼ 0.

b�nm and d�nm can be determined to satisfy the initial condition

@Tðr; h; 0Þ=@t ¼ wðr; hÞ. Finally, we obtain the solution of

the w� contribution problem (3.45):

Wwðr; h; tÞ ¼
P1

n¼0;m¼1 b�nm cos nhþ d�nm sin nh
� �

Jnð
ffiffiffiffiffiffiffi
knm

p
rÞeanmtsinbnmt

b�nm ¼
1

N0Nnmb
nm

ðp

�p

ðr0

0

wðr; hÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞr cos nhdrdh

d�nm ¼
1

N0Nnmb
nm

ðp

�p

ðr0

0

wðr; hÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞr sin nhdrdh;

8>>>>><
>>>>>:

(3.56)

where N0 is the normal square of 1; cos h; sin h; :::;f cos nh; sin nh; :::g:

N0 ¼
2p; n ¼ 0

p; n > 0:

�
(3.57)

Nnm ¼
Ð r0

0
J2

nð
ffiffiffiffiffiffiffi
knm

p
rÞrdr is the normal square of Jnð

ffiffiffiffiffiffiffi
knm

p
rÞ

� �
with the value of:

r2
0

2
J2

nþ1ðlðnÞm Þ; lðnÞm are zero points of JnðxÞ;m ¼ 1; 2; 3; :::

for the 1st type of boundary condition: Rðr0Þ ¼ 0;

r2
0

2
1� n

lðnÞm

 !2
2
4

3
5J2

nðlðnÞm Þ; lðnÞm are zero points of J0nðxÞ;m ¼ 1; 2; 3; :::

for the 2nd type of boundary condition: R0ðr0Þ ¼ 0; lð0Þ1 ¼ 0;

r2
0

2
1þ r0hð Þ2 � n2

lðnÞm


 �2

2
64

3
75J2

n lðnÞm


 �
; lðnÞm are zero points of

1

r0

xJ0nðxÞ þ hJnðxÞ;m ¼ 1; 2; 3; :::

for the 3rd type of boundary condition: R0ðr0Þ þ hRðr0Þ ¼ 0:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(3.58)

When T is only a function of r and t (not h), the solution

structure (3.56) still holds with n being the constant 0.

Now we develop Theorems 3 and 4 that relate the solu-

tion of w� contribution problem with solutions of the u �
and f� contribution problems.

Theorem 3. Let Wwðr; h; tÞ be the solution of w� contri-

bution problem (3.45). The solution of u � contribution

problem

1

s0

@T

@t
þ@

2T

@t2
¼ A2DTðr;h; tÞþB2 @

@t
DTðr;h; tÞ;D�ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0;

Tðr;h;0Þ ¼uðr;hÞ; @T

@t
ðr;h;0Þ ¼ 0

8>>>>>>>>>><
>>>>>>>>>>:

(3.59)
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is

Tðr; h; tÞ ¼ 1

s0

þ @

@t

� �
Wuðr; hÞ þ B2Wknmuðr; hÞ; (3.60)

where knm ¼ lðnÞm =r0

� �2
with lðnÞm being the positive zero

points of (3.53).

Proof. By following a similar approach in solving

(3.45), we obtain Tðr; h; tÞ satisfying the equation and bound-

ary conditions of (3.59) with a form of

Tðr; h; tÞ ¼
Xþ1

n¼0;m¼1

eanmt anm cos bnmtþ bnmsinbnmtð Þ cos nh½

þ cnm cos bnmtþ dnmsinbnmtð Þ sin nh�Jnð
ffiffiffiffiffiffiffi
knm

p
rÞ:

(3.61)

Applying the initial condition Tðr; h; 0Þ ¼ uðr; hÞ yields

anm ¼
1

N0Nnm

ðp

�p

ðr0

0

uðr; hÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞr cos nhdrdh

cnm ¼
1

N0Nnm

ðp

�p

ðr0

0

uðr; hÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞr sin nhdrdh:

8>>><
>>>:

Applying the initial condition @T=@tðr; h; 0Þ ¼ 0 leads to

anmanm þ bnmb
nm
¼ 0; or bnm ¼ �

anm

b
nm

anm

cnmanm þ dnmb
nm
¼ 0; or dnm ¼ �

anm

b
nm

cnm:

8>><
>>:

Here knm, anm, bnm, N0; and Nnm are given by Eqs. (3.52),

(3.54), (3.55), (3.57), and (3.58), respectively. Comparing

anm, bnm, cnm; and dnm with b�nm and d�nm in (3.56), we have

anm ¼ b
nm

b��nm; bnm ¼ �anmb��nm;

cnm ¼ b
nm

d��nm; dnm ¼ �anmd��nm;

where b��nm and d��nm have the same structures with b�nm and d�nm

with wðr; hÞ replaced with uðr; hÞ,

b��nm ¼
1

N0Nnmb
nm

ðp

�p

ðr0

0

uðr; hÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞr cos nhdrdh

d��nm ¼
1

N0Nnmb
nm

ðp

�p

ðr0

0

uðr; hÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞr sin nhdrdh:

8>><
>>:

(3.62)

Substituting these relations into (3.61) yields

Tðr; h; tÞ ¼
Xþ1

n¼0;m¼1

eanmt


�
b

nm
b��nm cos bnmt� anmb��nmsinbnmt

�

� cos nhþ
�

b
nm

d��nm cos bnmt� anmd��nmsinbnmt

�

� sin nh

�
Jnð

ffiffiffiffiffiffiffi
knm

p
rÞ: (3.63)

By the structure of Wwðr; h; tÞ in (3.56), we have

@Wuðr;h;tÞ
@t

¼
X1

n¼0;m¼1

b��nmcosnhþd��nmsinnh
� �

� anmsinbnmtþb
nm

cosbnmt

 �

eanmtJnð
ffiffiffiffiffiffiffi
knm

p
rÞ:

Also,

1

s0

Wuðr;h; tÞ þ B2Wknmuðr;h; tÞ ¼
X1

n¼0;m¼1

1

s0

þ knmB2

� �

� b��nm cos nhþ d��nm sin nh
� �
� Jnð

ffiffiffiffiffiffiffi
knm

p
rÞeanmtsinbnmt

By adding @Wu=@t and 1=s0ð ÞWu þ B2Wknmu, we can readily

obtain that the solutions given by Eqs. (3.60) and (3.63) are

exactly the same. Theorem 3 is therefore proved. Theorem 3

still holds with n being the constant 0.

Theorem 4. Let Wwðr; h; tÞ be the solution of w� contri-

bution problem (3.45). The solution of f� contribution

problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h; tÞ þ B2 @

@t
DTðr; h; tÞ þ f ðr; h; tÞ; D� ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0;

Tðr; h; 0Þ ¼ 0;
@T

@t
ðr; h; 0Þ ¼ 0

8>>>>>>><
>>>>>>>:

(3.64)

is

Tðr; h; tÞ ¼
ðr0

0

Wfsðr; h; t� sÞds; (3.65)

where fs ¼ f ðr; h; sÞ:

Theorem 4 can be proved by following the same way as

the proof of Theorem 2.

Therefore, by the principle of superposition, the solution

of
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1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h; tÞ þ B2 @

@t
DTðr; h; tÞ þ f ðr; h; tÞ; D� ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0; ð0;þ1Þ

Tðr; h; 0Þ ¼ uðr; hÞ; @T

@t
ðr; h; 0Þ ¼ wðr; hÞ; D

8>>>>>><
>>>>>>:

(3.66)

is

Tðr; h; tÞ ¼ Wwðr; h; tÞ þ
1

s0

þ @

@t

� �
Wuðr; h; tÞ

þ B2Wknmuðr; h; tÞ þ
ðr0

0

Wfsðr; h; t� sÞds; (3.67)

where Wwðr; h; tÞ is available in (3.56). Note that Eqs. (3.56)

and (3.67) are valid for all three types of boundary condi-

tions, but lðnÞm are boundary-condition-dependent as given in

(3.53).

When we use the structure of Ww in Eq. (3.56) and the

solution structure Theorems 3 and 4 to obtain the solution of

(3.44), if bnm is purely imaginary for some n, m, and k, we

can change sin bnmt into eibnmt � e�ibnmt
� ��

2ið Þ.

3. Cylindrical coordinates

In this section, we seek solutions of mixed problems in a

cylindrical coordinate system,

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h; z; tÞ þ B2 @

@t
DTðr; h; z; tÞ þ f ðr; h; z; tÞ; X� ð0;þ1Þ

L T;
@T

@r
;
@T

@z

� �����
@X

¼ 0; ð0;þ1Þ

Tðr; h; z; 0Þ ¼ uðr; h; zÞ; @T

@t
ðr; h; z; 0Þ ¼ wðr; h; zÞ; X;

8>>>>>><
>>>>>>:

(3.68)

where X stands for the cylindrical domain:0 < r < r0, 0 
 h < 2p, 0 < z < l0. @X is the boundary of X. D is the Laplacian in

cylindrical coordinates: @2 @r2 þ 1=rð Þ@
�

=@r þ ð1=r2Þ@2
�
@h2 þ @2

�
@z2: L T; @T=@r; @T=@zð Þj@X ¼ 0 stands for a total of 27

combinations of boundary conditions of all three types. Again, we first find the solution from wðr; h; zÞ, and then examine the

relation between the solution from wðr; h; zÞ and those from uðr; h; zÞ and f ðr; h; z; tÞ.
The solution due to wðr; h; zÞ satisfies

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h; z; tÞ þ B2 @

@t
DTðr; h; z; tÞ; X� ð0;þ1Þ

L T;
@T

@r
;
@T

@z

� �����
@X

¼ 0; ð0;þ1Þ

Tðr; h; z; 0Þ ¼ 0;
@T

@t
ðr; h; z; 0Þ ¼ wðr; h; zÞ; X:

8>>>>>><
>>>>>>:

(3.69)

Assume Tðr; h; z; tÞ ¼ CðtÞVðr; h; zÞ. Equation (3.69) can be written as, with �k1 as the separation constant,

C00ðtÞ þ 1
s0

C0ðtÞ
A2CðtÞ þ B2C0ðtÞ ¼

DVðr; h; zÞ
Vðr; h; zÞ ¼ �k1:

We thus arrive at

C00ðtÞ þ 1

s0

þ k1B2

� �
C0ðtÞ þ k1A2CðtÞ ¼ 0 (3.70)

and

DVðr; h; zÞ þ k1Vðr; h; zÞ ¼ 0 or
@2V

@r2
þ 1

r

@V

@r
þ 1

r2

@2V

@h2
þ @

2V

@z2
þ k1V ¼ 0

L V;
@V

@r

� �����
r¼r0

¼ 0;Vðr; hþ 2p; zÞ ¼ Vðr; h; zÞ:

8>><
>>: (3.71)
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Let Vðr; h; zÞ ¼ vðr; hÞZðzÞ. Substituting this into (3.71)

leads to

Dvðr; hÞ
vðr; hÞ ¼ �

Z00ðzÞ
ZðzÞ � k1 ¼ �k2;

where �k2 is the separation constant. We have

Dvðr; hÞ þ k2vðr; hÞ ¼ 0 or
@2v

@r2
þ 1

r

@v

@r
þ 1

r2

@2v

@h2
þ k2v ¼ 0

L v;
@v

@r

� �����
r¼r0

¼ 0; vðr; hþ 2pÞ ¼ vðr; hÞ

8>>><
>>>:

(3.72)

and

Z00ðzÞ þ k1 � k2ð ÞZðzÞ ¼ 0

LðZ; Z0Þjz¼0 ¼ 0;LðZ; Z0Þjz¼l0
¼ 0:

(
(3.73)

We have obtained the solution of the eigenvalue problem

(3.72) in Sec. III A 2:

vnmðr; hÞ ¼ anm cos nhþ bnm sin nhð ÞJnð
ffiffiffiffiffiffiffi
knm

p
rÞ:

in which anm and bnm are constants. knm ¼ k2 are the eigen-

values, lðnÞm

�
r0

� �2
, where lðnÞm are the zero points of (3.53).

There are a total of nine combinations of boundary

conditions in the problem (3.73). Let kk ¼ k1 � k2 and ZkðzÞ
be the eigenvalues and eigenfunctions, which are available

in Table II. Substitute k1 ¼ knm þ kk into Eq. (3.70) to

obtain

C00ðtÞ þ 1

s0

þ knm þ kkð ÞB2


 �
C0ðtÞ þ knm þ kkð ÞA2CðtÞ ¼ 0:

(3.74)

Its solution is

CnmkðtÞ ¼ eanmkt cnmk cos bnmktþ dnmksinbnmktð Þ;

where cnmk and dnmk are constants. anmk and bnmk are given

by

anmk ¼ �
1

2

1

s0

þ knm þ kkð ÞB2


 �
;

bnm ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 knm þ kkð ÞA2 � 1

s0

þ knm þ kkð ÞB2


 �2
s

:

Therefore, the Tðr; h; z; tÞ that satisfies the equation and

boundary conditions in (3.69) can be written as

Tðr;h; z; tÞ ¼
X
n;m;k

eanmkt a�nmk cosbnmktþ b�nmksinbnmkt
� �

cos nh
�

þ c�nmk cosbnmktþ d�nmksinbnmkt
� �

sin nh
�

� Jnð
ffiffiffiffiffiffiffi
knm

p
rÞZkðzÞ;

where
P

n;m;k stands for a triple summation with n and m
starting from 0 and 1, respectively, and k starting from either

0 or 1 based on the boundary conditions in the z-direction.

The initial condition Tðr; h; z; 0Þ ¼ 0 yields a�nmk ¼ c�nmk

¼ 0. b�nmk and d�nmk can be determined by applying the initial

condition @Tðr; h; z; 0Þ=@t ¼ wðr; h; zÞ. Finally, we obtain

the solution of (3.69),

Wwðr; h; z; tÞ ¼
P

n;m;k b�nmk cos nhþ d�nmk sin nh
� �

Jnð
ffiffiffiffiffiffiffi
knm

p
rÞZkðzÞeanmktsinbnmkt

b�nmk ¼
1

N0NnmNkbnmk

ððð
X

wðr; h; zÞrJnð
ffiffiffiffiffiffiffi
knm

p
rÞZkðzÞ cos nhdrdhdz

d�nmk ¼
1

N0NnmNkbnmk

ððð
X

wðr; h; zÞrJnð
ffiffiffiffiffiffiffi
knm

p
rÞZkðzÞ sin nhdrdhdz;

8>>>>>>>><
>>>>>>>>:

(3.75)

where N0, Nnm, and Nk are normal squares of 1; cos h;f
sin h; :::; cos nh; sin nh; :::g, Jnð

ffiffiffiffiffiffiffi
knm

p
rÞ

� �
and ZkðzÞf g, and

given by (3.57), (3.58), and Table II, respectively.

Theorem 5. Let Wwðr; h; z; tÞ be the solution of w�
contribution problem (3.69). The solution of u� contribution

problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h; z; tÞ þ B2 @

@t
DTðr; h; z; tÞ; X� ð0;þ1Þ

L T;
@T

@r
;
@T

@z

� �����
@X

¼ 0; ð0;þ1Þ

Tðr; h; z; 0Þ ¼ uðr; h; zÞ; @T

@t
ðr; h; z; 0Þ ¼ 0; X

8>>>>>>>><
>>>>>>>>:

(3.76)
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is

Tðr; h; z; tÞ ¼ 1

s0

þ @

@t

� �
Wuðr; h; zÞ þ B2W knmþkkð Þuðr; h; zÞ;

(3.77)

where knm and kk are available in Eq. (3.52) and Table II,

respectively.

Theorem 5 can be readily proved by following a similar

way in the proof of Theorem 3 and noting that anmk ¼
� 1=s0 þ knm þ kkð ÞB2½ �

�
2.

Theorem 6. Let Wwðr; h; z; tÞ be the solution of w� con-

tribution problem (3.69). The solution of f� contribution

problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h; z; tÞ þ B2 @

@t
DTðr; h; z; tÞ þ f ðr; h; z; tÞ; X� ð0;þ1Þ

L T;
@T

@r
;
@T

@z

� �����
@X

¼ 0; ð0;þ1Þ

Tðr; h; z; 0Þ ¼ 0;
@T

@t
ðr; h; z; 0Þ ¼ 0; X

8>>>>>><
>>>>>>:

(3.78)

is

Tðr; h; z; tÞ ¼
ðr0

0

Wfsðr; h; z; t� sÞds; (3.79)

where fs ¼ f ðr; h; z; sÞ.
Theorem 6 can be proved by following the same way as

the proof of Theorem 2.

By the structure of Ww in Eq. (3.75), the Tðr; h; z; tÞ in

Eq. (3.79) reads

Tðr; h; z; tÞ ¼
ðt

0

Wfsðr; h; z; t� sÞds

¼
ðt

0

ððð
X

X
n;m;k

1

N0NnmNkbnmk

eanmk t�sð Þ

� f ðr�; h�; z�; sÞ cos nh cos nh� þ sin nh sin nh�ð Þ
� Jnð

ffiffiffiffiffiffiffi
knm

p
rÞ

� r�Jnð
ffiffiffiffiffiffiffi
knm

p
r�ÞZkðzÞZkðz�Þ

� sinbnmk t� sð Þdr�dh�dz�ds

¼
ðt

0

ððð
X

Gðr; r�; h; h�; z; z�; t� sÞ

� f ðr�; h�; z�; sÞdXds; (3.80)

where

Gðr; r�; h; h�; z; z�; t� sÞ ¼
X
n;m;k

1

N0NnmNkbnmk

eanmk t�sð Þ

� Jnð
ffiffiffiffiffiffiffi
knm

p
rÞJnð

ffiffiffiffiffiffiffi
knm

p
r�Þr�

� ZkðzÞZkðz�Þ cos n h� h�ð Þ
� sinbnmk t� sð Þ (3.81)

is called the Green function of the dual-phase-lagging heat
conduction equation in a cylindrical domain. The Green

function is clearly boundary-condition dependent. When

f ðr; h; z; tÞ ¼ dðr� r0; t� t0Þ, the solution of (3.78) reduces

to

Tðr; h; z; tÞ ¼ Gðr; r0; h; h0; z; z0; t� t0Þ;

where r ¼ ðr; h; zÞ, r0 ¼ ðr0; h0; z0Þ. Therefore the Green

function Gðr; r0; h; h0; z; z0;t� t0Þ is the solution from the

source term dðr� r0; t� t0Þ.
According to Theorems 5 and 6, the solution of (3.68) is

Tðr; h; z; tÞ ¼ Wwðr; h; zÞ þ
1

s0

þ @

@t

� �
Wuðr; h; zÞ

þ B2W knmþkkð Þuðr; h; zÞ þ
ðr0

0

Wfsðr; h; z; t� sÞds;

(3.82)

where Wwðr; h; zÞ is given by (3.75). Therefore, we can

directly write out the solution of (3.68) based on (3.75) and

(3.82) without going through all the details. If bnmk is purely

imaginary for some n, m, and k, we can change sin bnmkt into

eibnmkt � e�ibnmkt
� ��

2ið Þ.

4. Spherical coordinates

Boundary conditions of all three types for mixed

problems in a spherical domain become separable with

respect to the spatial variables in spherical coordinate sys-

tem. In this section, we develop the solution of the mixed

problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h;/; tÞ þ B2 @

@t
DTðr; h;/; tÞ þ f ðr; h;/; tÞ; X� ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0; ð0;þ1Þ

Tðr; h;/; 0Þ ¼ uðr; h;/Þ; @T

@t
ðr; h;/; 0Þ ¼ wðr; h;/Þ; X;

8>>>>>><
>>>>>>:

(3.83)
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where X stands for a sphere of radius r0, with @X as its

boundary. h is the azimuthal angle:0 < h < 2p, / is the po-

lar angle:0 < / < p. D is the Laplacian in spherical

coordinates:

D ¼ 1

r2

@

@r
r2 @

@r

� �
þ 1

r2sin2/

@2

@h2
þ 1

r2 sin /
@

@/
sin /

@

@/

� �

¼ @2

@r2
þ 2

r

@

@r
þ 1

r2sin2/

@2

@h2
þ cos /

r2 sin /
@

@/
þ 1

r2

@2

@/2
:

The boundary condition L T; @T=@rð Þjr¼r0
¼ 0 includes all three types. Again, we first seek the solution Wwðr; h;/; tÞ that satis-

fies the problem:

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h;/; tÞ þ B2 @

@t
DTðr; h;/; tÞ; X� ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0;

Tðr; h;/; 0Þ ¼ 0;
@T

@t
ðr; h;/; 0Þ ¼ wðr; h;/Þ;

8>>>>>>>><
>>>>>>>>:

(3.84)

Assume T ¼ CðtÞVðr; h;/Þ and substitute it into the equation of (3.84). We obtain the two eigenvalue problems with k as the

separation constant

C00ðtÞ þ 1

s0

þ kB2

� �
C0ðtÞ þ kA2CðtÞ ¼ 0 (3.85)

and

DVðr; h;/Þ þ kVðr; h;/Þ ¼ 0

or
@2V

@r2
þ 2

r

@V

@r
þ 1

r2sin2/

@2V

@h2
þ cos /

r2 sin /
@V

@/
þ 1

r2

@2V

@/2
þ kVðr; h;/Þ ¼ 0

L v;
@V

@r

� �����
r¼r0

¼ 0;Vðr; hþ 2p;/Þ ¼ vðr; h;/Þ:

8>>>>><
>>>>>:

(3.86)

Further separate Vðr; h;/Þ into RðrÞYðh;/Þ and substitute it

into the equation of (3.86). We can obtain that

r2R00 þ 2rR0 þ kr2 � l lþ 1ð Þ
� �

R ¼ 0; L R;R0ð Þjr¼r0
¼ 0

(3.87)

and

1

sin2/

@2Y

@h2
þ 1

sin /
@

@/
sin /

@Y

@/

� �
þ l lþ 1ð Þ

Y ¼ 0; Yðhþ 2p;/Þ ¼ Yðh;/Þ (3.88)

in which the separation constant is customarily denoted as

l lþ 1ð Þ. Assume Y ¼ H hð ÞU /ð Þ. Substituting it into Eq.

(3.88) leads to

H00 þ gH ¼ 0; Hðhþ 2pÞ ¼ HðhÞ (3.89)

and

U00 þ cot /ð ÞU0 þ lðlþ 1Þ � g

sin2/


 �
U ¼ 0;

0 < / < p; U /ð Þj j <1; (3.90)

where g is the separation constant.

The eigenvalue problem (3.89) has the solution of

HnðhÞ ¼ an cos nhþ bn sin nh (3.91)

with g ¼ n2; n ¼ 0; 1; 2;::: to satisfy the periodic condition

Hðhþ 2pÞ ¼ HðhÞ. an and bn are arbitrary constants and

cannot be all zero. Also, a0 6¼ 0.

With g ¼ n2, Eq. (3.90) forms an eigenvalue problem of
the Legendre equation when the eigenvalues lðlþ 1Þ ¼
m mþ 1ð Þ. Its solution is
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Umð/Þ ¼ Pmðcos /Þ; lðlþ 1Þ ¼ m mþ 1ð Þ;m ¼ 0; 1; 2; ::: ; when n ¼ 0

Umð/Þ ¼ Pn
mðcos /Þ; lðlþ 1Þ ¼ m mþ 1ð Þ;m ¼ 1; 2; 3; ::: and n 
 m; when n > 0;

�
(3.92)

where Pmðcos hÞ is the Legendre polynomial of degree m;

Pn
mðcos hÞ is the Associated Legendre polynomial of degree

m and order n.

With l ¼ m ¼ 0; 1; 2; :::, Eq. (3.87) together with

Rð0Þj j <1 and R0ð0Þj j <1 forms another eigenvalue prob-

lem. To solve this problem, define a new variable x ¼ k1=2r
and a new function yðxÞ ¼ x1=2R. Equation (3.87) thus trans-

forms into a Bessel equation,

x2y00 þ xy0 þ x2 � mþ 1

2

� �2
" #

y ¼ 0;

whose solution is

RmðrÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
k1=2r

p cmJ
mþ1

2

k1=2r

 �

þ dmJ�ðmþ1
2
Þ k1=2r

 �
 �

;

where cm and dm are constants that are not all zero. To satisfy

Rð0Þj j <1, we have dm ¼ 0 and cm 6¼ 0. Without taking

account of a constant factor, RmðrÞ can be written as

RmðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

p

2k1=2r

r
Jmþ1

2
k1=2r

 �

¼ jm k1=2r

 �

:

Here jm xð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p= 2xð Þ

p
Jmþ1=2 xð Þ is the spherical Bessel

function of the first kind. The eigenvalues are thus

kmk ¼ l
mþ1

2ð Þ
k =r0

� �2

; m ¼ 0; 1; 2; :::; k ¼ 1; 2; 3; :::

Eigenfunctions:

jm kmkrð Þ ¼ jm l
ðmþ1

2
Þ

k =r0


 �
;

where l mþ1=2ð Þ
k are the k-th positive zero point of

Jmþ1
2
ðxÞ; 1st type of boundary condition: Rðr0Þ ¼ 0;

xJ0mþ1
2
ðxÞ � 1

2
Jmþ1

2
ðxÞ; 2nd type of boundary condition: R0ðr0Þ ¼ 0;

xJ0mþ1
2
ðxÞ þ hr0 � 1

2

� �
Jmþ1

2
ðxÞ; 3rd type of boundary condition:

R0ðr0Þ þ hRðr0Þ ¼ 0:

8>>><
>>>: (3.93)

Therefore, we obtain the solution of the Vðr; h;/Þ � prob-

lem (3.86):

Vnmkðr; h;/Þ ¼ anmk cos nhþ bnmk sin nhð ÞPn
mðcos hÞjmðk1=2

mk rÞ;
n 
 m:

The characteristic roots of the CðtÞ-function (3.85) are

r1;2 ¼
1

2
� 1

s0

þ kmkB2

� �
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

s0

þ kmkB2

� �2

� 4kmkA2

s2
4

3
5

¼ amk6bmki;

amk ¼ �
1

2

1

s0

þ kmkB2

� �
; (3.94)

bmk ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kmkA2 � 1

s0

þ kmkB2

� �2
s

; (3.95)

so that

CmkðtÞ ¼ eamkt cmk cos bmktþ dmksinbmktð Þ:

Thus, the Tðr; h;/; tÞ that satisfies the equation and boundary

conditions of (3.84) is

Tðr; h;/; tÞ ¼
X
n;m;k

eamkt a�nmk cos bmktþ b�nmksinbmkt
� �

cos nh
�

þ c�nmk cos bmktþ d�nmksinbmkt
� �

sin nh
�

� Pn
mðcos /Þjmðk1=2

mk rÞ: (3.96)

The initial condition Tðr; h;/; tÞ ¼ 0 yields a�nmk ¼ c�nmk ¼ 0.

b�nmk and d�nmk are determined by the initial condition

@T=@tjt¼0 ¼ 0. Finally, we obtain the solution structure of

Ww satisfying the problem (3.84),

Wwðr; h;/; tÞ ¼
X1

n¼0;m¼0;k¼1

b�nmk cos nhþ d�nmk sin nh
� �

Pn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞeamktsinbmkt

b�nmk ¼
1

N0NnmNmkbmk

ðp

0

ðp

�p

ðr0

0

wðr; h;/ÞPn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞr2 cos nh sin /drdhd/

d�nm ¼
1

N0NnmNmkbmk

ðp

0

ðp

�p

ðr0

0

wðr; h;/ÞPn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞr2 sin nh sin /drdhd/;

8>>>>>>>><
>>>>>>>>:

(3.97)
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where N0, Nnm, and Nmk are normal squares of f1; cos h; sin h; :::; cos nh; sin nh; :::g, fPn
mðcos /Þg and fjmðlðmþ1=2Þ

k = r0Þg,
respectively, given by

N0 ¼
2p; n ¼ 0

p; n> 0

�
; (3.98)

Nnm ¼
ðp

0

Pn
mðcos /Þ

� �2
sin /d/ ¼ mþ nð Þ!

m� nð Þ!
2

2mþ 1
; (3.99)

Nmk ¼
pr3

0

4l
ðmþ1

2
Þ

k

�

Jmþ3
2

l
ðmþ1

2
Þ

k


 �h i2

;

1st type of boundary condition: Rðr0Þ ¼ 0

1� m mþ 1ð Þ

l
ðmþ1

2
Þ

k


 �2

2
64

3
75J2

mþ1
2

l
ðmþ1

2
Þ

k


 �
;

2nd type of boundary condition: R0ðr0Þ ¼ 0

1þ hr0 þ mð Þ hr0 � m� 1ð Þ
l
ðmþ1

2
Þ

k


 �2

2
64

3
75J2

mþ1
2

l
ðmþ1

2
Þ

k


 �
;

3rd type of boundary condition: R0ðr0Þ þ hRðr0Þ ¼ 0:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(3.100)

Theorem 7. Let Wwðr; h;/; tÞ be the solution of the w� contribution problem (3.84). The solution of u� contribution

problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h;/; tÞ þ B2 @

@t
DTðr; h;/; tÞ; X� ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0;

Tðr; h;/; 0Þ ¼ uðr; h;/Þ; @T

@t
ðr; h;/; 0Þ ¼ 0

8>>>>>>><
>>>>>>>:

(3.101)

is

Tðr; h;/; tÞ ¼ 1

s0

þ @

@t

� �
Wuðr; h;/Þ þ B2Wkmkuðr; h;/Þ: (3.102)

Proof. Following a similar approach as in solving the w� contribution problem, we obtain the Tðr; h;/; tÞ that satisfies the

equation and boundary conditions of (3.101),

Tðr; h;/; tÞ ¼
X
n;m;k

eamkt anmk cos bmktþ bnmksinbmktð Þ cos nh½ þ cnmk cos bmktþ dnmksinbmktð Þ sin nh�

� Pn
mðcos /Þjmðk1=2

mk rÞ; (3.103)

where anmk, bnmk, cnmk, and dnmk are determined by the initial conditions Tðr; h;/; 0Þ ¼ uðr; h;/Þ and @Tðr; h;/; 0Þ= @t ¼ 0,

anmk ¼
1

N0NnmNmk

ðp

0

ðp

�p

ðr0

0

uðr; h;/ÞPn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞr2 cos nh sin /drdhd/

cnmk ¼
1

N0NnmNmk

ðp

0

ðp

�p

ðr0

0

uðr; h;/ÞPn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞr2 sin nh sin /drdhd/;

8>><
>>:

amkanmk þ b
mk

bnmk ¼ 0; or bnmk ¼ �
amk

b
mk

anmk

amkcnmk þ b
mk

dnmk ¼ 0; or dnmk ¼ �
amk

b
mk

cnmk:

8>><
>>:
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Based on the structure of Wwðr; h;/; tÞ in (3.97), we have

@Wuðr; h;/; tÞ
@t

¼
X1

n¼0;m¼0;k¼1

b��nmk cos nhþ d��nmk sin nh
� �

amksinb
mk

tþ b
mk

cos bmkt

 �

eamkt

�Pn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞ

b��nmk ¼
1

N0NnmNmkbmk

ðp

0

ðp

�p

ðr0

0

uðr; h;/ÞPn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞr2 cos nh sin /drdhd/ ¼ anmk

b
mk

d��nm ¼
1

N0NnmNmkbmk

ðp

0

ðp

�p

ðr0

0

uðr; h;/ÞPn
mðcos /Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞr2 sin nh sin /drdhd/ ¼ cnmk

b
mk

:

8>>>>>>>>>><
>>>>>>>>>>:

Also,

1

s0

Wuðr; h;/; tÞ þ B2Wkmkuðr; h;/; tÞ

¼ 1

s0

þ kmkB2

� �
b��nmk cos nhþ d��nmk sin nh
� �

Pn
mðcos /Þ

� jmð
ffiffiffiffiffiffiffi
kmk

p
rÞeamktsinbmkt:

By adding @Wuðr; h;/; tÞ
�
@t and 1=s0ð ÞWuðr; h;/; tÞ

þ B2Wkmkuðr; h;/; tÞ, we can readily prove that the result

from Eq. (3.102) and the result obtained by separation of var-

iables, Eq. (3.103), are the same.

Theorem 8. Let Wwðr; h;/; tÞ be the solution of the w�
contribution problem (3.84). The solution of the f� contribu-

tion problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2DTðr; h;/; tÞ þ B2 @

@t
DTðr; h;/; tÞ þ f ðr; h;/; tÞ; X� ð0;þ1Þ

L T;
@T

@r

� �����
r¼r0

¼ 0;

Tðr; h;/; 0Þ ¼ 0;
@T

@t
ðr; h;/; 0Þ ¼ 0

8>>>>>><
>>>>>>:

(3.104)

is

Tðr; h;/; tÞ ¼
ðt

0

Wfsðr; h;/; t� sÞds; (3.105)

where fs ¼ f ðr; h;/; sÞ:
Again, Theorem 8 can be proved by following the same

way as the proof of Theorem 2.

By the principle of superposition, the solution of the

problem (3.83) is

Tðr; h;/; tÞ ¼ Wwðr; h;/; tÞ þ
1

s0

þ @

@t

� �
Wuðr; h;/; tÞ

þ B2Wkmkuðr; h;/Þ þ
ðt

0

Wfsðr; h;/; t� sÞds;

(3.106)

where Wwðr; h;/; tÞ has been given in Eq. (3.97),

fs ¼ f ðr; h;/; sÞ. By substituting Wwðr; h;/; tÞ into Eq.

(3.105) we can have

Tðr;h;/;tÞ¼
ðt

0

Wfsðr;h;/;t�sÞds

¼
ðt

0

ððð
X

Gðr;r�;h;h�;/;/�;t�sÞ

�f ðr�;h�;/�;sÞdXds;

where

Gðr; r�; h; h�; /;/�; t� sÞ

¼
X1

n¼0;m¼0;k¼1

1

N0NnmNmkbmk

cos n h� � hð Þ � Pn
mðcos /Þ

� Pn
mðcos /�Þjmð

ffiffiffiffiffiffiffi
kmk

p
rÞjmð

ffiffiffiffiffiffiffi
knm

p
r�Þr�2eanmk t�sð Þ

� sinbnmk t� sð Þ:

This is the integral expression of the solution of (3.104). The

triple series Gðr; r�; h; h�; /;/�; t� sÞ is called the Green
function of dual-phase-lagging heat conduction equation in
a spherical domain. When f ðr; h;/; sÞ ¼ dðr� r0; t� t0Þ, in

particular, the solution of (3.104) reduces to

T ¼ Gðr; r0; h; h0; /;/0; t� t0Þ;

where r ¼ ðr; h;/Þ, r0 ¼ ðr0; h0;/0Þ. Thus, the Green func-

tion Gðr; r0; h; h0; /;/0; t� t0Þ is the solution due to the

source term dðr� r0; t� t0Þ.
The results presented in Sec. III A also cover those for

the hyperbolic heat conduction equations as the special case

of DPL heat conduction equation at B ¼ 0.
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B. Solution structure theorems for Cauchy problems
of DPL equations

If the heat conduction problems are defined in

unbounded domain, then there exists no boundary condition.

Such a problem is called the initial-value problem, or

Cauchy problem. Solution structure theorems also exist for

Cauchy problems:

Theorem 9. Let WwðM; tÞ be the solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT; X� ð0;þ1Þ

TðM; 0Þ ¼ 0;
@T

@t
ðM; 0Þ ¼ wðMÞ:

8>><
>>:

(3.107)

The solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT; X� ð0;þ1Þ

TðM; 0Þ ¼ uðMÞ; @T

@t
ðM; 0Þ ¼ 0

8>><
>>:

(3.108)

is

TðM; tÞ ¼ 1

s0

þ @

@t
� B2D

� �
WuðM; tÞ; (3.109)

where X denotes one-, two-, or three-dimensional unbounded

domain R1, R2, or R3. M represents a point in X.

Proof. By its definition, WuðM; tÞ satisfies

1

s0

@Wu

@t
þ @

2Wu

@t2
¼ A2DWu þ B2 @

@t
DWu; X� ð0;þ1Þ

WuðM; 0Þ ¼ 0;
@Wu

@t
ðM; 0Þ ¼ uðMÞ:

8>><
>>:

(3.110)

Substituting Eq. (3.109) into the equation of (3.108) and

using the equation of (3.110) yields

1

s0

@T

@t
þ@

2T

@t2
�A2DT�B2 @

@t
DT

¼ 1

s0

@

@t

1

s0

þ @
@t
�B2D

� �
Wu


 �
þ @

2

@t2

1

s0

þ @
@t
�B2D

� �
Wu


 �

�A2D
1

s0

þ @
@t
�B2D

� �
Wu


 �
�B2 @

@t
D

1

s0

þ @
@t
�B2D

� �
Wu


 �

¼ 1

s0

1

s0

@Wu

@t
þ@

2Wu

@t2
�A2DWu�B2 @

@t
DWu

� �

þ @
@t

1

s0

@Wu

@t
þ@

2Wu

@t2
�A2DWu�B2 @

@t
DWu

� �

�B2D
1

s0

@Wu

@t
þ@

2Wu

@t2
�A2DWu�B2 @

@t
DWu

� �
¼0:

Therefore, TðM; tÞ in (3.109) satisfies the equation of

(3.108).

We also have

TðM; 0Þ ¼ 1

s0

þ @

@t
� B2D

� �
Wu

����
t¼0

¼ 1

s0

WuðM; 0Þ þ
@Wu

@t
ðM; 0Þ � B2DWuðM; 0Þ

¼ uðMÞ

and

@T

@t
¼ @

@t

1

s0

þ @

@t
� B2D

� �
Wu


 �

¼ 1

s0

@Wu

@t
þ @

2Wu

@t2
� B2 @

@t
DWu

¼ A2DWu;

such that

@T

@t

����
t¼0

¼ A2DWuðM; 0Þ ¼ 0:

Therefore, TðM; tÞ in (3.109) also satisfies the two initial

conditions of (3.108), thus verifying that it is the solution of

the problem (3.108).

Theorem 10. Let WwðM; tÞ be the solution of (3.107).

The solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT þ f ðM; tÞ; X� ð0;þ1Þ

TðM;0Þ ¼ 0;
@T

@t
ðM; 0Þ ¼ 0

8>>><
>>>:

(3.111)

is

TðM; tÞ ¼
ðt

0

WfsðM; t� sÞds; (3.112)

where fs ¼ f ðM; sÞ:

Proof. By the definition of WwðM; tÞ, the WfsðM; t� sÞ
satisfies

1

s0

@Wfs

@t
þ @

2Wfs

@t2
¼ A2DWfs þ B2 @

@t
DWfs ; X� ð0;þ1Þ

WfsðM; t� sÞ
��
t¼s ¼ 0;

@

@t
WfsðM; t� sÞ

����
t¼s

¼ f ðM; sÞ:

8>>><
>>>:

(3.113)

Therefore, substituting Eq. (3.112) into (3.111) yields
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1

s0

@T

@t
þ @

2T

@t2
� A2DT � B2 @

@t
DT ¼ 1

s0

@

@t

ðt

0

WfsðM; t� sÞdsþ @2

@t2

ðt

0

WfsðM; t� sÞds

� A2D
ðt

0

WfsðM; t� sÞds� B2 @

@t
D
ðt

0

WfsðM; t� sÞds

¼ 1

s0

ðt

0

@WfsðM; t� sÞ
@t

dsþWfsðM; t� sÞ
��
s¼t


 �
þ
ðt

0

@2WfsðM; t� sÞ
@t2

dsþ @WfsðM; t� sÞ
@t

����
s¼t

� A2

ðt

0

DWfsðM; t� sÞds� B2 @

@t

ðt

0

DWfsðM; t� sÞds

¼ 1

s0

ðt

0

@WfsðM; t� sÞ
@t

dsþ
ðt

0

@2WfsðM; t� sÞ
@t2

dsþ @WfsðM; t� sÞ
@t

����
s¼t

� A2

ðt

0

DWfsðM; t� sÞds� B2

ðt

0

@

@t
DWfsðM; t� sÞdsþ DWfsðM; t� sÞ

��
s¼t


 �

¼
ð t

0

1

s0

@WfsðM; t� sÞ
@t

þ @
2WfsðM; t� sÞ

@t2
� A2DWfsðM; t� sÞ � B2 @

@t
DWfsðM; t� sÞ

� �
ds

þ f ðM; tÞ ¼ f ðM; tÞ:

Hence the TðM; tÞ in Eq. (3.112) satisfies the equation of

(3.111). Clearly, TðM; tÞ in Eq. (3.112) also satisfies the ini-

tial condition TðM; 0Þ ¼ 0. Also,

@TðM; 0Þ
@t

¼ @

@t

ðt

0

WfsðM; t� sÞds

����
t¼0

¼
ðt

0

@

@t
WfsðM; t� sÞdsþWfsðM; t� sÞ

��
s¼t


 �����
t¼0

¼ 0:

We have thus proved Theorem 10.

In summary, the solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT þ f ðM; tÞ; X� ð0;þ1Þ

TðM; 0Þ ¼ uðMÞ; @T

@t
ðM;0Þ ¼ wðMÞ

8>><
>>:

(3.114)

can be written as, by the principle of superposition,

TðM; tÞ ¼ 1

s0

þ @

@t
� B2D

� �
WuðM; tÞ þWwðM; tÞ

þ
ðt

0

WfsðM; t� sÞds; (3.115)

where WwðM; tÞ is the solution of (3.107), and fs ¼ f ðM; sÞ.
The WwðM; tÞ can be obtained by integral transforma-

tion: one-dimensional WwðM; tÞ can be obtained by using ei-

ther the Fourier transformation with respect to the spatial

variable x or the Laplace transformation with respect to the

temporal variable t. Two- and three-dimensional WwðM; tÞ
can be obtained by using multiple Fourier transformations.

For example, assume Wwðx; tÞ to be the solution of the one-

dimensional problem:

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT; R1 � ð0;þ1Þ

Tðx; 0Þ ¼ 0;
@T

@t
ðx; 0Þ ¼ wðxÞ:

8>><
>>:

(3.116)

Its Laplace transformation reads

s

s0

�Tðx; sÞþ s2 �Tðx; sÞ�wðxÞ ¼ A2 @
2

@x2
�Tðx; sÞþB2s

@2

@x2
�Tðx; sÞ

or

B2sþ A2
� � @2

@x2
�Tðx; sÞ � s2 þ s

s0

� �
�Tðx; sÞ ¼ �wðxÞ;

so that

@2

@x2
�Tðx; sÞ �

s2 þ s
s0

B2sþ A2
�Tðx; sÞ ¼ � wðxÞ

B2sþ A2
; (3.117)

where �Tðx; sÞ denotes the Laplace transformation of Tðx; tÞ
with respect to t. The general solution of Eq. (3.117) is

�Tðx; sÞ ¼ c1ex
ffiffiffiffiffiffi
aðsÞ
p

þ c2e�x
ffiffiffiffiffiffi
aðsÞ
p

� 1

2

ð
bðsÞffiffiffiffiffiffiffiffi

aðsÞ
p e� n�xð Þ

ffiffiffiffiffiffi
aðsÞ
p

� wðnÞdnþ 1

2

ð
bðsÞffiffiffiffiffiffiffiffi
aðsÞ

p e n�xð Þ
ffiffiffiffiffiffi
aðsÞ
p

wðnÞdn;

where

aðsÞ¼
s2þ s

s0

B2sþA2
;bðsÞ¼ 1

B2sþA2
;
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c1 and c2 are constants. Since �Tðx; sÞ must be bounded as

x! 61 so that c1 ¼ c2 ¼ 0. To ensure the convergence of

the two integrals, let

�Tðx; sÞ ¼ � 1

2

ðx

þ1

bðsÞffiffiffiffiffiffiffiffi
aðsÞ

p e� n�xð Þ
ffiffiffiffiffiffi
aðsÞ
p

wðnÞdn

þ 1

2

ðx

�1

bðsÞffiffiffiffiffiffiffiffi
aðsÞ

p e n�xð Þ
ffiffiffiffiffiffi
aðsÞ
p

wðnÞdn:

Therefore,

Tðx; tÞ ¼ L�1 �Tðx; sÞ½ �

¼ 1

2

ðþ1
x

L�1 bðsÞffiffiffiffiffiffiffiffi
aðsÞ

p e� n�xð Þ
ffiffiffiffiffiffi
aðsÞ
p" #

wðnÞdn

þ 1

2

ðx

�1
L�1 bðsÞffiffiffiffiffiffiffiffi

aðsÞ
p e n�xð Þ

ffiffiffiffiffiffi
aðsÞ
p" #

wðnÞdn:

Tðx; tÞ can be obtained by the inverse Laplace transformation

L�1 bðsÞffiffiffiffiffiffiffiffi
aðsÞ

p e� n�xð Þ
ffiffiffiffiffiffi
aðsÞ
p" #

¼ e
�A2

B2t

ðt=B2

0

J0 A4 � B2A2

s0

� �


� 2t

B2
s� s2

� ��
1ffiffiffiffiffi
ps
p

� e
2A2�B2

s0


 �
s� n�xð Þ2

4B4s ds:

The integrant in this equation can be obtained either analyti-

cally or numerically.

In the three-dimensional case, for another example, the

WwðM; tÞ is the solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2DT þ B2 @

@t
DT; R3 � ð0;þ1Þ

TðM; 0Þ ¼ 0;
@T

@t
ðM; 0Þ ¼ wðMÞ:

8>><
>>:

(3.118)

Its triple Fourier transformation yields

@2

@t2
T
_

ðx; tÞ þ 1

s0

þ B2x2

� �
@

@t
T
_

ðx; tÞ þ A2x2T
_

ðx; tÞ ¼ 0

T
_

ðx; 0Þ ¼ 0;
@

@t
T
_

ðx; 0Þ ¼ w
_

ðxÞ;

8>><
>>:

(3.119)

where T
_

ðx; tÞ denotes the Fourier transformation of

Tðx; y; z; tÞ with respect to the three spatial variables;

x ¼ x1iþ x2jþ x3k. Let aðxÞ6ibðxÞ be the characteristic

roots of the equation of (3.119). Then

�uðx; tÞ ¼ eaðxÞt AðxÞ cos bðxÞtþ BðxÞsinbðxÞt½ �;

where AðxÞ and BðxÞ are functions of x to be determined.

Applying the initial conditions yields

AðxÞ¼0;BðxÞ¼wðxÞ
bðxÞ;

Thus,

�uðx; tÞ ¼
�wðxÞ
bðxÞ eaðxÞtsinbðxÞt:

The solution of (3.118) can be obtained through the inverse

Fourier transformation

uðM; tÞ ¼ 1

2pð Þ3
ððð
R3

�uðx; tÞeiðomega1xþx2yþx3zÞdx1dx2dx3:

Note that in the problem of (3.107), A2 ¼ a
�
sq and

B2 ¼ asT

�
sq. For ordinary materials a, sq and sT are very

small, so that B2 � A2 and B2 � 1. At these points, we can

obtain an approximate analytical solution of (3.107) by using

the perturbation method with respect to B2 and making use

of the solution of (3.107) at B2 ¼ 0. In the following, we

take the one-dimensional problem in Cartesian coordinates

as an example to illustrate this method.

For the case of B2 ¼ e� 1, one-dimensional Cauchy

problem of DPL conduction reads

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @

2T

@x2
þ e

@3T

@t@x2
; R1 � ð0;þ1Þ

Tðx; 0Þ ¼ 0;
@T

@t
ðx; 0Þ ¼ wðxÞ:

8>>><
>>>:

(3.120)

Solving it by perturbation method relies on the solution of

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @

2T

@x2
; R1 � ð0;þ1Þ

Tðx; 0Þ ¼ 0;
@T

@t
ðx; 0Þ ¼ wðxÞ:

8><
>: (3.121)

It is a hyperbolic heat conduction problem, whose solution

can be obtained by, for example, Riemann method16

T0ðx; tÞ ¼
1

2A
e
� t

2s0

ðAt

�At

I0

1

2As0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Atð Þ2 � u2

q� �
wðuþ xÞdu;

(3.122)

where I0ðxÞ is the modified Bessel function of the first kind

and zeroth order. An approximate analytical solution of

(3.120) can be obtained by correcting Tðx; tÞ in (3.122) via a

polynomial with respect to e. In particular, when wðxÞ is a

polynomial of x, such as

wðxÞ ¼ PNðxÞ ¼
XN

n¼0

anxn:

The perturbation method can lead to the exact solution of

(3.120). Since elementary functions can normally be

approximated by Taylor polynomials, we focus our discus-

sion on the solution of (3.120) with a polynomial wðxÞ.
With wðxÞ ¼ PNðxÞ ¼

PN
n¼0 anxn, the solution of

(3.121) takes the form of
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T0ðx; tÞ ¼
1

2A
e
� t

2s0

ðAt

�At

I0

1

2As0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Atð Þ2 � u2

q� �

�
XN

n¼0

an uþ xð Þn
" #

du

¼ 1

2A
e
� t

2s0

ðAt

�At

I0

1

2As0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Atð Þ2 � u2

q� �

�
XN

n¼0

an

Xn

i¼0

Ci
nuixn�i

 !" #
du: (3.123)

By defining

GiðtÞ ¼
ðAt

�At

I0

1

2As0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Atð Þ2 � u2

q� �
uidu; i ¼ 0; 1; :::; n;

Tðx; tÞ can be rewritten as

T0ðx; tÞ¼ s0PNðxÞ 1�e
� t

s0


 �
þ 1

2A
e
� t

2s0

XN=2½ �

i¼1

P
ð2iÞ
N ðxÞ
2ið Þ! G2iðtÞ

 !
;

(3.124)

in which the properties of GiðtÞ that when i is odd, GiðtÞ ¼ 0,

and

G0ðtÞ ¼
ðþAt

�At

I0 b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðAtÞ2 � u2

q� �
du ¼ 2As0e

t
2s0 1� e

� t
s0


 �
have been used. N=2½ � denotes the maximum positive integer

not larger than N=2. Equation (3.124) shows that the solution

is a sum of N=2½ � þ 1 terms. All terms are in the variable-

separable form.

Let the solution of (3.120) with wðxÞ ¼ PNðxÞ ¼PN
n¼0 anxn be

Tðx; tÞ¼T0ðx; tÞþT1ðx; tÞeþT2ðx; tÞe2þ���þTnðx; tÞenþ��� ;
(3.125)

where Tnðx; tÞ are functions to be determined. Substituting

Eq. (3.125) into (3.120) and comparing the coefficients of

enðn ¼ 0; 1; 2; :::Þ terms yields the problems of Tnðx; tÞ;
ðn ¼ 0; 1; 2; :::Þ:

1

s0

@T0

@t
þ @

2T0

@t2
¼ A2 @

2T0

@x2
; R1 � ð0;þ1Þ

T0ðx; 0Þ ¼ 0;
@T0

@t
ðx; 0Þ ¼ PNðxÞ;

8><
>:

1

s0

@T1

@t
þ @

2T1

@t2
¼ A2 @

2T1

@x2
þ @3T0

@t@x2
; R1 � ð0;þ1Þ

T1ðx; 0Þ ¼ 0;
@T1

@t
ðx; 0Þ ¼ 0;

8><
>:

1

s0

@T2

@t
þ @

2T2

@t2
¼ A2 @

2T2

@x2
þ @3T1

@t@x2
; R1 � ð0;þ1Þ

T2ðx; 0Þ ¼ 0;
@T2

@t
ðx; 0Þ ¼ 0

8>><
>>:

� � � � � �

T0ðx; tÞ is given by Eq. (3.124), which is a N-th polynomial

of x
T1ðx; tÞ is the solution of f�contribution hyperbolic heat

conduction problem with f ðx; tÞ being @3T0=@t@x2:16

T1ðx; tÞ ¼
ðt

0

W@3T0

@t@x2

��
t¼s

ðx; t� sÞds ¼ 1

2A

ðt

0

e
�t�s

2s0 ds
ðxþA t�sð Þ

x�A t�sð Þ

� I0 b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 t� sð Þ2 � x� nð Þ2

q� �
@3T0ðn; sÞ
@s@n2

dn;

which is a (N � 2)-th polynomial of x. Similarly, Tnðx; tÞ is a

(N � 2n)-th polynomial of x and Tnðx; tÞ ¼ 0 at n ¼ N=2½ �
þ 1; N=2½ � þ 2; :::. Therefore, the analytical solution of

(3.120) with wðxÞ ¼ PNðxÞ ¼
PN

n¼0 anxn can be expressed as

Tðx; tÞ¼T0ðx; tÞþT1ðx; tÞeþT2ðx; tÞe2þ���þT N=2½ �ðx; tÞe N=2½ � :

(3.126)

Define an operator

S ¼ 1

2A

ðt

0

e
�t�s

2s0 ds
ðxþA t�sð Þ

x�A t�sð Þ
I0 b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 t� sð Þ2 � x� nð Þ2

q� �

� @3

@t@x2

����x¼n
t¼s

dn;

so that T1 ¼ SðT0Þ; T2 ¼ SðT1Þ ¼ S2ðT0Þ; :::; T N=2½ � ¼
S N=2½ �ðT0Þ. The solution of (3.120) can be further reduced to

Tðx; tÞ ¼ T0 þ SðT0Þeþ S2ðT0Þe2 þ � � � þ S N=2½ �ðT0Þe N=2½ � :

(3.127)

Therefore, the task of finding the solution Tðx; tÞ of problem

(3.120) reduces to that of applying the operator S to T0ðx; tÞ.
T0ðx; tÞ has the same form for both even N (N ¼ 2m) and

odd N (N ¼ 2mþ 1). Therefore, T1ðx; tÞ is also the same for

both N ¼ 2m and N ¼ 2mþ 1,

T1ðx; tÞ¼ SðT0Þ

¼ 1

2A

ðt

0

e
�t�s

2s0 ds
ðxþA t�sð Þ

x�A t�sð Þ
I0 b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 t� sð Þ2� x�nð Þ2

q� �

� P00NðnÞe�
s
s0 þ 1

2A

Xm�1

i¼1

P
2iþ2ð Þ

N ðnÞ
2ið Þ! g2iðsÞ

" #
dn

¼ 1

2A

ðt

0

e
�t�s

2s0 ds
ðxþA t�sð Þ

x�A t�sð Þ
I0�P00NðnÞe�

s
s0 dn

þ 1

2A

ðt

0

e
�t�s

2s0 ds
ðxþA t�sð Þ

x�A t�sð Þ
I0�

1

2A

Xm�1

i¼1

P
2iþ2ð Þ

N ðnÞ
2ið Þ! g2iðsÞ

" #
dn

¼ s0P00NðxÞ s0þ s0þ tð Þe�
t

s0

h i
þ 1

2A

Xm�1

i¼1

P
2iþ2ð Þ

N ðxÞ
2ið Þ!

ðt

0

e
�tþs

2s0 G2iðt� sÞds

þ 1

2A

Xm�1

i¼1

P
2iþ2ð Þ

N ðxÞ
2ið Þ!

ðt

0

s0g2iðsÞ 1�e
�t�s

2s0


 �
ds

þ 1

4A2

Xm�2

i;j¼1
iþj
m�1

P
2iþ2jþ2ð Þ

N ðxÞ
2ið Þ! 2jð Þ!

ðt

0

e
�t�s

2s0 G2iðt� sÞg2jðsÞds;

(3.128)
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where g2iðsÞ ¼ d e�s= 2s0ð ÞG2iðsÞ
� ��

ds. T2ðx; tÞ, T3ðx; tÞ, …,

T N=2½ �ðx; tÞ can be obtained by reapplying the operator S to

u0. Otherwise, T N=2½ �ðx; tÞ ¼ S N=2½ �ðu0Þ can be also deter-

mined by the following approach.

Note that

S N=2½ �ðT0Þ ¼ P
2 N=2½ �
N ðxÞqðtÞ; (3.129)

where qðtÞ is a function to be determined. By introducing the

operator

K ¼ 1

2A

ðt

0

e
�t�s

2s0 ds
ðA t�sð Þ

�A t�sð Þ
I0 b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 t� sð Þ2 � u2

q� �
d

dt

����
t¼s

du

¼ s0

ðt

0

e
�t�s

s0
d

dt

����
t¼s

ds;

we have

qðtÞ ¼ K N=2½ � s0 1� e
� t

s0


 �h i
¼ s0

ðt

0

1� e
�t�s

s0


 � s N=2½ ��1

N=2½ � � 1ð Þ!e
� s

s0 ds

¼ s
N=2½ �

0 s0 � s0 þ tþ t2

2!s0

þ � � � þ s N=2½ �

N=2½ �!s N=2½ ��1

0

 !
e
� t

s0

" #
:

In applications, the order of polynomial PNðxÞ is normally

not larger than 5 so that N=2½ � 
 2. Therefore, the determina-

tion of Tðx; tÞ by applying the operator S is not as compli-

cated as it looks.

For N ¼ 5, for example, T0ðx; tÞ is given by Eq. (3.124):

T0ðx; tÞ ¼ s0P5ðxÞ 1� e
� t

s0


 �
þ 1

2A
e
� t

2s0
P005ðxÞ

2
G2ðtÞ þ

P
ð4Þ
5 ðxÞ
4!

G4ðtÞ
 !

:

T1 ¼ SðT0Þ can be obtained by Eq. (3.128), whose last

term vanishes:

T1ðx; tÞ ¼ SðT0Þ

¼ s0P005ðxÞ s0 þ s0 þ tð Þe�
t

s0

h i
þ 1

2A

P
ð4Þ
5 ðxÞ

2

�
ðt

0

e
�tþs

2s0 G2ðt� sÞdsþ 1

2A

P
ð4Þ
5 ðxÞ

2

�
ðt

0

s0g2ðsÞ 1� e
�t�s

2s0


 �
ds:

T2 ¼ S2ðT0Þ can be directly written out by Eq. (3.129):

T2 ¼ S2ðT0Þ ¼ s2
0P
ð4Þ
5 ðxÞ s0 � s0 þ tþ t2

2s0

� �
e
� t

s0


 �
:

Finally, Tðx; tÞ ¼ T0 þ SðT0Þeþ S2ðT0Þe2. The result for

N ¼ 4 has the same form as that for N ¼ 5 by only replacing

P5ðxÞ with P4ðxÞ.
For N ¼ 3 ðP3ðxÞ ¼ a0 þ a1xþ a2x2 þ a3x3Þ,

T0ðx; tÞ ¼ s0P3ðxÞ 1� e
� t

s0


 �
þ 1

2A
e
� t

2s0
P003ðxÞ

2
G2ðtÞ:

T1 ¼ SðT0Þ can be obtained by Eq. (3.129):

T1 ¼ SðT0Þ ¼ s0P003ðxÞ s0 � s0 þ tð Þe�
t

s0

h i
¼ s0 2a2 þ 6a3xð Þ s0 � s0 þ tð Þe�

t
s0

h i
;

so that Tðx; tÞ ¼ T0 þ SðT0Þe. Similarly, the result for N ¼ 2

can be readily obtained by using a3 ¼ 0. It shows that the

effect of @3T=ð@t@x2Þ-term is x-independent for the case of

P2ðxÞ and increases to 2a2s2
0 as t!1.

For N ¼ 1 ðP1ðxÞ ¼ a0 þ a1xÞ,

Tðx; tÞ ¼ T0ðx; tÞ ¼ s0 a0 þ a1xð Þ 1� e
� t

s0


 �
:

This shows that the @3T=ð@t@x2Þ-term has no effect on the

solution of an initial value of type P1ðxÞ.
By the solution structure Theorems 9 and 10 [Eqs.

(3.109) and (3.112)], the solution of the problem

1

s0

@T

@t
þ @

2T

@t2
¼ A2 @

2T

@x2
þ B2 @3T

@t@x2
þ Pkt

ðx; tÞ; R1 � ð0;þ1Þ

Tðx; 0Þ ¼ PmðxÞ;
@T

@t
ðx; 0Þ ¼ PnðxÞ

8><
>: (3.130)

is

Tðx; tÞ ¼ 1

s0

þ @

@t
� B2 @

2

@x2

� �
WPm
ðx; tÞ þWPn

ðx; tÞ

þ
ðt

0

WPks
ðx; t� sÞds; (3.131)

where PmðxÞ, PnðxÞ, and Pkt
ðx; tÞ are m-, n-, and k-th polyno-

mials of x and Pkt
ðx; tÞ ¼

Pk
i¼0 aiðtÞxi. Pks ¼ Pksðx; sÞ.

The perturbation method can be similarly applied for

two- and three-dimensional Cauchy problems, by taking use

of the solutions for two- and three-dimensional Cauchy prob-

lems of hyperbolic heat conduction.

IV. BIOHEAT TRANSPORT IN SKIN TISSUE AND
DURING MAGNETIC HYPERTHERMIA

The complicated microscopic physics in biological tis-

sues leads to non-Fourier behavior of heat conduction.

This has been experimentally observed and has been

attracting increasingly more attention.21,25 Our rigorous

development of the macroscopic heat transport model also
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supports a dual-phase-lagging bio-heat model in biological

tissues. Here we study the bioheat transport in skin and

during magnetic hyperthermia by using solution structure

theorems developed in Sec. III to solve DPL bioheat

model. The solutions of the corresponding Pennes model

and thermal wave model (TWMBT) are also analytically

obtained as special cases of DPL model at sq ¼ sT ¼ 0 and

sq > sT ¼ 0, respectively, and compared with the DPL

bioheat model.

A. Skin bioheat transport

Several thermal therapies and physiological functions

involve heat transport in skin tissue. Successful thermal

treatments and deep understanding of physiological proc-

esses require an accurate prediction of the response of skin

tissue to external thermal condition. The solution structure

theorems discussed in Sec. III is capable of facilitating this

prediction considerably.

For the sake of illustration, consider the same problem

as described by Xu et al.:21 the skin is initially in equilibrium

with environmental air where natural convection boundary

condition is applicable (Te ¼ 25 �C; h0 ¼ 7W=ðm2 � KÞ). At

t ¼ 0, the skin surface begins to contact with a hot source of

constant temperature T1 ¼ 100 �C for a period of 15 s; after

removing the hot source, the skin is then cooled by a cold

source at constant temperature T2 ¼ 0 �C for another period

of 30 s. In Ref. 21, the skin is modeled as a four-layer struc-

ture so that different layers can have different thermophysi-

cal properties. Temperature profiles are obtained by

employing numerical approaches to solve three kinds of con-

tinuum models: Pennes model, thermal wave model, and

DPL models of different orders. While predictions of the

three different-order DPL models are shown to be close from

each other, they are significantly distinct from those of

Pennes model and thermal wave model. In this section, we

solve Pennes model, thermal wave model and first-order

DPL model analytically by regarding the skin as a single ho-

mogeneous layer and assuming constant properties in the

skin. Temperature profiles are obtained under two sets of

skin properties, and compared with the numerical predictions

for multi-layer structure to show the effectiveness of the

one-layer approximation.

The governing equations, boundary conditions, and ini-

tial conditions are given by:

Pennes model:

@T

@t
¼ a

@2T

@x2
þ qbcbxb

qc
Ta � Tðx; tÞ½ � þ Qm

qc
; (4.1)

Thermal wave model:

1

sq
þ qbcbxb

qc

� �
@T

@t
þ @

2T

@t2
¼ a

sq

@2T

@x2
þ 1

sq

qbcbxb

qc

� Ta � Tðx; tÞ½ � þ 1

sq

Qm

qc
; (4.2)

DPL model:

1

sq
þ qbcbxb

qc

� �
@T

@t
þ @

2T

@t2
¼ a

sq

@2T

@x2
þ a

sT

sq

@

@t

@2T

@x2

� �

þ 1

sq

qbcbxb

qc
Ta � Tðx; tÞ½ �

þ 1

sq

Qm

qc
; (4.3)

Boundary conditions:

Tð0; tÞ ¼ T1 ðheating processÞ;
Tð0; tÞ ¼ T2 ðcooling processÞ;

@T

@x

����
x¼l

¼ 0; (4.4)

Initial conditions:

Tðx; 0Þ ¼ T0ðxÞ :

a
d2T0

dx2
þ qbcbxb

qc
Ta � T0ðxÞ½ � þ Qm

qc
¼ 0

�k
dT0

dx

����
x¼0

¼ h0 Te � T0ð0Þ½ �

T0ðlÞ ¼ Tc

8>>>>><
>>>>>:
@T

@t

����
t¼0

¼ 0:

(4.5)

In Eqs. (4.1)–(4.5), T is the temperature, x denotes the dis-

tance to the skin surface. a; k; q; and c are thermal diffu-

sivity, thermal conductivity, density, and specific heat of

tissue, respectively; qb; cb; andxb are density, specific

heat, and perfusion rate of blood, respectively; Ta is tempera-

ture of the arterial blood supply; Qm is the metabolic heat

generation; sq andsT are the phase lags of heat flux and tem-

perature gradient of tissue, respectively. T0ðxÞ denotes the

initial temperature distribution in the tissue, which satisfies

the steady-state governing equations of T, representing the

balance among heat conduction, blood perfusion, metabolic

heat generation, and heat loss through natural convection.

h0 and Te are convective heat transfer coefficient for natural

convection and environment temperature, respectively. Tc

and l are the deep body temperature and skin depth of inter-

est. l should be large enough so that the adiabatic boundary

condition at x ¼ l is applicable.

Solving of the continuum models requires reliable data

about the macroscale properties of the continuum. Their

experimental data at different layers in skin are listed in Ta-

ble III.21 Based on these data, Xu et al.21 also recommended

the overall skin properties when the skin is treated as single-

layer structure (Set 1 in Table III). We will solve the three

models by using both the suggested property values in Xu

et al.21 and another set of values (Set 2 in Table III). Detailed

solution procedure is demonstrated in the following for the

DPL model (4.3), while solutions of the other two can be

similarly obtained at sq ¼ sT ¼ 0 or sq > sT ¼ 0:
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(i) Heating process: 0 < t < 15 s:
By solving (4.5), we can obtain the initial temperature

distribution T0ðxÞ at t ¼ 0s:

T0ðxÞ ¼ A0 þ c1eB0x þ c2e�B0x;

where

A0 ¼ Tb þ
Qm

qbcbxb
; B0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qbcbxb

k

r
;

c1 ¼
h0 þ kB0ð Þ Tc � A0ð Þ � h0e�B0l Te � A0ð Þ

eB0l h0 þ kB0ð Þ � e�B0l h0 � kB0ð Þ ;

c2 ¼
h0eB0l Te � A0ð Þ � h0 � kB0ð Þ Tc � A0ð Þ

eB0l h0 þ kB0ð Þ � e�B0l h0 � kB0ð Þ : (4.6)

To remove the Tðx; tÞ� term in the source term of (4.3), con-

sider a function transformation,

Hðx; tÞ ¼ Tðx; tÞ � T0ðxÞ½ �e
qbcbxb

qc x;

so that we obtain the governing equation regarding Hðx; tÞ,

1

sq
� qbcbxb

qc

� �
@H
@t
þ @

2H
@t2
¼ a

1

sq
� qbcbxb

qc

sT

sq

� �
@2H
@x2
þ a

sT

sq

@

@t

@2H
@x2

� �
Hð0; tÞ ¼ T1 � T0ð0Þ½ �e

qbcbxb
qc t ¼ g1ðtÞ; Hðl; tÞ ¼ 0

Hðx; 0Þ ¼ 0;
@H
@t

����
t¼0

¼ 0:

8>>>>><
>>>>>:

(4.7)

To have a homogeneous boundary condition, let

Hðx; tÞ ¼H1ðx; tÞ þH2ðx; tÞ; where H2ðx; tÞ ¼ 1� x

l


 �
g1ðtÞ:

Substituting it into Eq. (4.7), we have the mixed initial-

boundary problem for H1ðx; tÞ:

1

s0

@H1

@t
þ @

2H1

@t2
¼ A2 @

2H1

@x2
þ B2 @

@t

@2H1

@x2

� �
þ f ðx; tÞ

H1ð0; tÞ ¼ H1ðl; tÞ ¼ 0

H1ðx; 0Þ ¼ �H2ðx; 0Þ ¼ x
l � 1
� �

g1ð0Þ ¼ uðxÞ
@H1

@t

����
t¼0

¼ �@H2

@t

����
t¼0

¼ x
l � 1
� �

g01ð0Þ ¼ wðxÞ;

8>>>>>>>><
>>>>>>>>:

(4.8)

where

1

s0

¼ 1

sq
� qbcbxb

qc

� �
; A2 ¼ a

1

sq
� qbcbxb

qc

sT

sq

� �
;

B2 ¼ a
sT

sq
; f ðx; tÞ ¼ x

l
� 1


 � 1

s0

g01ðtÞ þ g001ðtÞ

 �

: (4.9)

We can readily solve the problem (4.8) by following the pro-

cedure in Sec. III.

By Eq. (3.15) and Table II, the solution of wðxÞ� con-

tribution problem at f ðx; tÞ ¼ uðxÞ ¼ 0 can be readily

written

Wwðx; tÞ ¼
X1
n¼1

bneantsinbnt � sin
npx

l

bn ¼
2

lb
n

ðl

0

g01ð0Þ
x

l
� 1


 �
sin

npx

l
dx;

8>>>><
>>>>:

(4.10)

where

an ¼ �
1

2

1

s0

þ np
l


 �2

B2


 �
;

bn ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

np
l


 �2

A2 � 1

s0

þ np
l


 �2

B2


 �2
s

;

1=s0; A2; and B2 are given in (4.9).

According to Theorem 1, the solution of the uðxÞ-contri-

bution problem is

TABLE III. Thermophysical properties of different layers in skin and blood.

Parameters

Stratum

corneum

(0.01 mm)

Epidermis

(0.08 mm)

Dermis

(1.5 mm)

Fat

(4.4 mm)

Overall

Set 1 21

Overall

Set 2

Thermal conductivity, k (W/m K) 0.235 0.235 0.445 0.185 0.235 0.35

Density, q (kg/m3) 1500 1190 1116 971 1190 1100

Specific heat, c (J/kg K) 3600 3600 3300 2700 3600 3200

Metabolic heat generation, Qm(W/m3) 368.1 368.1 368.1 368.3 368.1 368.1

Blood density, qb (kg/ m3) 1060

Blood specific heat, cb (J/kg K) 3770

Arterial blood temperature, Ta(�C) 37

Core body temperature, Tc(�C) 37

Blood perfusion rate, xb (s-1) 0.001
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1

s0

þ @

@t

� �
Wuðx; tÞ þ B2W np

lð Þ
2
u
ðx; tÞ

¼ 1

s0

X1
n¼1

b�neantsinbnt � sin
npx

l

þ
X1
n¼1

b�neant ansinbntþ b
n

cos bnt

 �

sin
npx

l

þ B2
X1
n¼1

np
l


 �2

b�neantsinbnt � sin
npx

l

¼
X1
n¼1

1

s0

þ an þ B2 np
l


 �2

 �

b�neantsinbnt � sin
npx

l

þ
X1
n¼1

b
n
b�neant cos bnt � sin

npx

l

¼
X1
n¼1

�ansinbntþ b
n

cos bnt

 �

b�neant sin
npx

l
;

(4.11)

where

b�n ¼
2

lb
n

ðl

0

g1ð0Þ
x

l
� 1


 �
sin

npx

l
dx:

According to Theorem 2, the solution of the f(x, t) contribu-

tion problem reads

ðt

0

Wfsðx;t�sÞds ¼
ðl

0

ðt

0

Gðx; n; t� sÞf ðn; sÞdsdn; (4.12)

where

Gðx; n; t� sÞ ¼
X1
n¼1

2

lb
n

ean t�sð Þ sin
npx

l
sin

npn
l

sinbn t� sð Þ:

Therefore, the solution of the problem (4.8) has the form of

H1ðx; tÞ ¼ Wwðx; tÞ þ
1

s0

þ @

@t

� �
Wuðx; tÞ þ B2W np

lð Þ
2
u
ðx; tÞ

þ
ðt

0

Wfsðx;t�sÞds: (4.13)

We can further obtain Hðx; tÞ and Tðx; tÞ by Hðx; tÞ ¼
H1ðx; tÞ þH2ðx; tÞ and Tðx; tÞ ¼ Hðx; tÞe�qbcbxbx= qcð Þþ
T0ðxÞ, respectively.

(ii) Cooling process: 15 < t < 45 s:
The initial temperature for the cooling process should be

the value of Tðx; tÞ at t ¼ 15 s, rather than the T0ðxÞ satisfy-

ing (4.5). Thus, the problem of H�ðx; tÞ ¼ Tðx; tÞ�½
T�0ðxÞ�e�qbcbxbx= qcð Þ has the form of:

1

s0

@H�

@t
þ @

2H�

@t2

¼ A2 @
2H�

@x2
þ B2 @

@t

@2H�

@x2

� �
þ 1

sq
a

d2T�0
dx2
þ qbcbxb

qc
Ta � T�0ðxÞ
� �

þ Qm

qc

� �
e

qbcbxb
qc t

H�ð0; tÞ ¼ T2 � T�0ð0Þ
� �

e
qbcbxb

qc t ¼ g2ðtÞ; H�ðl; tÞ ¼ 0

H�ðx; 0Þ ¼ 0; @H�

@t

��
t¼0
¼ 0

8>>>>>>><
>>>>>>>:

: (4.14)

where T�0ðxÞ ¼ Tðx; 15Þ. Let

H�1ðx; tÞ ¼ H�ðx; tÞ �H�2ðx; tÞ ¼ H�ðx; tÞ � 1� x

l


 �
g2ðtÞ:

The problem regarding H�1ðx; tÞ is thus

1

s0

@H�1
@t
þ @

2H�1
@t2

¼ A2 @
2H�1
@x2

þ B2 @

@t

@2H�1
@x2

� �
þ f �ðx; tÞ

H�1ð0; tÞ ¼ H�1ðl; tÞ ¼ 0

H�1ðx; 0Þ ¼
x

l
� 1


 �
g2ð0Þ ¼ u�ðxÞ

@H�1
@t

����
t¼0

¼ x

l
� 1


 �
g02ð0Þ ¼ w�ðxÞ

8>>>>>>>>><
>>>>>>>>>:

(4.15)

where

f �ðx; tÞ ¼ x

l
� 1


 � 1

s0

g02ðtÞ þ g002ðtÞ

 �

þ 1

sq
a

d2T�0
dx2
þ qbcbxb

qc
Ta � T�0ðxÞ
� �

þ Qm

qc

� �
e

qbcbxb
qc t

Here g2ðtÞ is defined in (4.14). The solution of problem (4.15)

has the same structure as (4.13) by replacing wðxÞ;
uðxÞ; and f ðx; tÞ with w�ðxÞ; u�ðxÞ; and f �ðx; tÞ; respec-

tively. H�ðx; tÞ and Tðx; tÞ can also be consequently obtained.

Figures 2 and 3 illustrate the temperature variation with

time at the epidermis-dermis (ED) interface and dermis-fat (DF)

interface, respectively. Figures 4 and 5 show the temperature

profiles in the skin at the end of heating process (t ¼15 s) and

the end of cooling process (t ¼ 45 s), respectively. The temper-

ature profiles calculated from different bioheat models deviate

significantly from each other. In particular, wave-front phenom-

enon is obvious for the thermal wave model. The comparison in

Figs. 3–5 between the analytical solutions under two sets of pa-

rameters and the numerical solutions for multi-layer structure

clearly shows that by carefully choosing values of skin thermo-

physical parameters, single-layer model is capable of predicting

accurately those from multi-layer models. Note also that analyt-

ical results are much less time-consuming and more accurate

than numerical ones (evident from the results of TWMBT).

Figure 6 shows the temperature variation with time at

DF interface for different values of sq in thermal wave model.

For a larger value of sq, a longer time is needed for the pre-

diction of thermal wave model converges into that of the
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Pennes model. When sq ¼ 1 s, for example, the prediction of

thermal wave model begins to agree with that of Pennes

model after around 5 s; when sq ¼ 3 s, the two predictions

become very close after around 10 s. When sq ¼ 10 s, how-

ever, large discrepancy still exists between the two predic-

tions even after 30 s. The temperature variation with sT is

illustrated in Fig. 7 at DF interface and with sq ¼ 10 s, show-

ing that sT smoothes the sq� induced wave front and leads to

a non-Fourier diffusionlike behavior of the skin temperature.

B. Magnetic hyperthermia

Magnetic hyperthermia therapy is very promising for

treating some kinds of cancer, during which the temperature of

cancerous cells is elevated above at least 42�C and maintains

for approximately 30 mins by importing magnetic nanopar-

ticles into the tumor tissue and applying an alternating mag-

netic field.28,60,61 Highly selective heating of the cancerous

tissue becomes achievable even for deep tumors in the body

due to: (i) the possibility of selective concentration of

magnetic nanoparticles in the tumor; (ii) high capability of

magnetic particles to produce heat under the applied magnetic

field; and (iii) the transparency of human tissues to magnetic

fields.60 To ensure that the effective treatment temperature

(> 42 �C) localizes at the tumor region with little dissipation

to the surrounding healthy tissue, a reliable prediction of the

temperature profile during the magnetic hyperthermia therapy

is of vital importance, according to which the magnetic field

intensity and volume fraction of magnetic particles can be

properly defined. In this section, the temperature profile within

and around a spherical tumor is investigated as another exam-

ple of the application of the solution structure theorems.

Consider a spherical tumor with radius of r0 ¼ 3 mm and

located deeply in the body. Magnetic nanoparticles are either

uniformly distributed in the tumor or superficially distributed

near the tumor surface. The former distribution can be

obtained by directly injecting magnetic nanofluids into the tu-

mor at a low rate.61,62 The latter, by the contrast, can be imple-

mented by injecting the magnetic nanofluids through the artery

FIG. 3. (Color online) Temperature profiles at the DF interface.

FIG. 4. (Color online) Temperature profiles in the skin at the end of heating

process t¼ 15 s .

FIG. 5. (Color online) Temperature profiles in the skin at the end of cooling

process (t¼ 45 s).

FIG. 2. (Color online) Temperature profiles at the ED interface.
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supplying to the tumor with specific binders attached to the

surface of the nanoparticles.61 By applying a magnetic field,

the nanoparticles can generate heat within the tumor serving as

an external supplied heat source. The governing equation,

boundary conditions, and initial conditions are given by:

Pennes model:

@T

@t
¼ a

2

r

@T

@r
þ @

2T

@r2

� �
þ qbcbxb

qc
Ta � Tðr; tÞ½ � þ Qm þ Qe

qc

(4.16)

Thermal wave model:

1

sq
þ qbcbxb

qc

� �
@T

@t
þ @

2T

@t2
¼ a

sq

2

r

@T

@r
þ @

2T

@r2

� �

þ 1

sq

qbcbxb

qc
Ta � Tðr; tÞ½ �

þ 1

sq

Qm þ Qe

qc
(4.17)

DPL model:

1

sq
þ qbcbxb

qc

� �
@T

@t
þ @

2T

@t2
¼ a

sq

2

r

@T

@r
þ @

2T

@r2

� �
þ a

sT

sq

� @

@t

2

r

@T

@r
þ @

2T

@r2

� �
þ 1

sq

qbcbxb

qc

� Ta� Tðr; tÞ½ � þ 1

sq

QmþQe

qc

(4.18)

Boundary conditions:

@T

@r

����
r¼0

¼ 0;
@T

@r

����
r¼R0

¼ 0 (4.19)

Initial conditions:

Tðr; 0Þ ¼ T0ðrÞ :

a
1

r2

@

@r
r2 @T

@r

� �
 �
þ qbcbxb

qc
Ta � T0ðrÞ½ � þ Qm

qc
¼ 0;

dT0

dr

����
r¼0

¼ 0;
dT0

dr

����
r¼R0

¼ 0

8>>><
>>>:

@T

@t

����
t¼0

¼ 0:

(4.20)

Here r denotes the distance to the sphere center. R0 is the ra-

dius of region for calculation which is set to be 10 times of

the tumor’s radius to satisfy the adiabatic boundary condition

at r ¼ R0. The thermophysical properties of tumor and sur-

rounding tissue are assumed to be the same and given in

Table IV.61 For the thermal wave model, sq ¼ 16s; for the

DPL model, sq ¼ 16sandsT ¼ 10s. Again, the Pennes model

and thermal wave model can be regarded as the two special

cases of the DPL model at sq ¼ sT ¼ 0 and sq > sT ¼ 0, so

that we can focus our discussion on the solution of Eq. (4.18).

FIG. 6. (Color online) Temperature profiles at DF interface for different val-

ues of in thermal wave model.

FIG. 7. (Color online) Temperature profiles at DF interface for different val-

ues of in the DPL model.
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By solving the problem in (4.20), we can obtain the ini-

tial constant temperature T0ðrÞ ¼ Ta þ Qm= qbcbxbð Þ. To

have a Tðr; tÞ-independent source term in (4.18), introduce a

function transformation:

Hðr; tÞ ¼ Tðr; tÞ � T0ðrÞ½ �e
qbcbxb

qc r:

The problem regarding Hðr; tÞ thus reads:

1

s0

@H
@t
þ @

2H
@t2
¼ A2 1

r2

@

@r
r2 @H
@r

� �
þ B2 @

@t

1

r2

@

@r
r2 @H
@r

� �
 �
þ f ðtÞ

@H
@r

����
r¼0

¼ 0; HðR0; tÞ ¼ 0

Hðr; 0Þ ¼ 0;
@H
@t

����
t¼0

¼ 0;

8>>>>>>><
>>>>>>>:

(4.21)

where

1

s0

¼ 1

sq
� qbcbxb

qc

� �
; A2 ¼ a

1

sq
� qbcbxb

qc

sT

sq

� �
;

B2 ¼ a
sT

sq
; f ðr; tÞ ¼ 1

sq

QeðrÞ
qc

e
qbcbxb

qc t:

According to the solution structure theorem, once we obtain

the solution Wwðr; tÞ of the problem:

1

s0

@H
@t
þ @

2H
@t2
¼ A2 1

r2

@

@r
r2 @H
@r

� �
þB2 @

@t

1

r2

@

@r
r2 @H
@r

� �
 �
@H
@r

����
r¼0

¼ 0; HðR0; tÞ ¼ 0

Hðr;0Þ ¼ 0;
@H
@t

����
t¼0

¼wðrÞ:

8>>>>>>><
>>>>>>>:

(4.22)

The solution of the problem (4.21) can be readily written byÐ t
0

Wfsðr; t� sÞds:
By separating Hðr; tÞ as RðrÞCðtÞ and substituting it into

Eq. (4.22), we have

C00ðtÞ þ 1
s0

C0ðtÞ
A2CðtÞ þ B2C0ðtÞ ¼

R00ðrÞ þ 2
r R0ðrÞ

RðrÞ ¼ �k;

where �k is the separation constant. The governing model

for RðrÞ is thus:

R00 þ 2

r
R0 þ kR ¼ 0

@R

@r

����
r¼0

¼ 0; RðR0Þ ¼ 0:

8><
>: (4.23)

In Sec. III A 4, we have shown that the solution of (4.23) can

be written by a spherical Bessel function j0ðk1=2
n rÞ, where

kn ¼ lð1=2Þ
n

�
r0

� �2
;lð1=2Þ

n are positive zero-points of J1=2ðxÞ,
n ¼ 1; 2; 3; :::.

For the present problem, since D ¼ 1=s0 þ k2
nB2

� �2

� 4k2
nA2 > 0, the solution of Hðr; tÞ can be written as

Hðr; tÞ ¼
X1
n¼1

aner1t þ bner2tð Þj0 lð1=2Þ
n =r0 � r


 �
;

where

r1;2 ¼ �
1

2

1

s0

þ knB2

� �
6

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

s0

þ knB2

� �2

� 4knA2:

s

The initial conditions Hðr;0Þ¼ 0; @H@t

��
t¼0
¼wðrÞ lead to

anþbn¼0

an¼
1

r1�r2ð ÞMn

ðR0

0

wðrÞj0 lð1=2Þ
n =r0 �r


 �
r2dr

where Mn¼
ðR0

0

j2
0 lð1=2Þ

n =r0 �r

 �

r2dr¼ pR3
0

4l 1=2ð Þ
n

J2
3=2 lð1=2Þ

n


 �
:

8>>>><
>>>>:
Therefore, the solution of the problem (4.22) is

Wwðr; tÞ ¼
X1
n¼1

1

r1 � r2ð ÞMn

ðR0

0

wðrÞj0 lð1=2Þ
n =r0 � r


 �
� r2dr er1t � er2tð Þj0 lð1=2Þ

n =r0 � r

 �

:

Then the solution of the original problem (4.21) can be writ-

ten as

ðt

0

Wfsðr;t�sÞds¼
X1
n¼1

1

r1�r2ð ÞMn

ðt

0

ðR0

0

f ðn;sÞ

�j0 lð1=2Þ
n =r0�n


 �
n2dn er1 t�sð Þ�er2 t�sð Þ

h
�ds

¼ 1

sqqc

X1
n¼1

1

r1�r2ð ÞMn

ðt

0

e
qbcbxb

qc s

� er1 t�sð Þ �er2 t�sð Þ
h i

ds�
ðR0

0

QeðrÞ

� j0ðlð1=2Þ
n =r0 �nÞn2dnj0ðlð1=2Þ

n =r0 �rÞ:
(4.24)

TABLE IV. Thermophysical properties of the tissue and blood.

Parameters Values

Thermal conductivity, k (W/m K) 0:5

Density, q (kg/m3) 1000

Specific heat, c (J/kg K) 3800

Blood density, qb (kg/m3) 1000

Blood specific heat, cb (J/kg K) 3800

Metabolic heat generation, Qm (W/m3) 700

Arterial blood temperature, Ta (�C) 37

Blood perfusion rate, xb (s�1) 0.0005
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For the uniform distribution of magnetic particles,

QeðrÞ ¼ 9:5� 105W=m3; r 
 r0

0; r0 < r 
 R0:

�

For the superficial distribution of magnetic particles,

QeðrÞ ¼
gP

4pr2
dðr � r0Þ

gP ¼ 0:12W;

(

where dðxÞ represents the Dirac Delta function.

The temperature profiles as a function of r from three

models are compared in Fig. 8 under the uniform distribution

of magnetic nanoparticles. Obvious discrepancy appears at

the early stage of hyperthermia treatment, e.g., and t ¼ 40 s,

due to the lagging effects of sq and sT . It is interesting to

note that the temperature at the tumor center from thermal

wave model is lower than that from Pennes model at

t ¼ 20 s but becomes higher at t ¼ 40 s. When the time scale

is much larger than that of sq and sT , temperature profiles

from all the three models are almost the same. Note also that

it may need a long time (around 25 min in this case) for the

tumor surface temperature is over 42 �C from the instant

when the tumor center temperature reaches 42 �C.

Figure 9 shows the temperature variation with r from

three models under the superficial distribution of magnetic

nanoparticles. At the early stage, large discrepancy exists

among the three models. In particular, wave front is obvious

for the thermal wave model. When the time scale is one

order longer than that of sq and sT , temperature profiles from

the three models become very close. The temperatures at dif-

ferent positions within the tumor can exceed 42 �C at almost

the same time (t ¼ 360 s in this case), which is advantageous

than the uniform distribution of magnetic nanoparticles.

Besides the parameters examined here, blood perfusion

rate xb could also have a significant effect on the tempera-

ture profiles within and surrounding the tumor. In real appli-

cations, the magnetic field intensity and amount of applied

nanoparticles should be carefully adjusted to ensure effec-

tive-treatment temperature in the tumor and safe temperature

in the healthy tissue, no matter which kind of nanoparticle

distribution is applied.

V. CONCLUDING REMARKS

Macroscale bioheat transport models have been devel-

oped either by the mixture theory of continuum mechanics

or by the porous-media theory. In the former, the global bal-

ance equations are scaled down; the required constitutive

relations for heat flux are supplied directly at macroscale by

the Fourier’s law, the Cattaneo-Vernotte theory or the DPL

relation. The thermal models developed in this approach

contain, for example, Pennes model, Wulff model, Klinger

model, Chen and Holmes model, thermal wave bioheat

model, and DPL bioheat model. In the latter, both conserva-

tion and constitutive equations are introduced at the micro-

scale. The method of volume averaging is then used to scale

up the microscale equations and hence obtain the macroscale

model. In order to form a closed system, the closure model

must be provided for the unclosed terms that represent the

microscale effect in macroscale field equations. Compared

with the mixture theory of continuum mechanics, the po-

rous-media approach is more powerful in offering connec-

tions between microscale and macroscale properties and

accurately describing the rich blood-tissue interaction in bio-

logical tissues.

By using the porous-media approach, a general bioheat

transport model is developed with the required closure pro-

vided. The model shows that both blood and tissue tempera-

tures satisfy the DPL energy equations at macroscale. Due to

the coupled conduction between blood and tissue, thermal

waves and possible resonance may appear in bioheat trans-

port. The blood-tissue interaction leads to very rich effects of

the interfacial convective heat transfer, the blood velocity,

the perfusion, and the metabolic reaction on blood and tissue

macroscale temperature fields. Examples include: (i) the

spreading of tissue metabolic effect into the blood DPL

FIG. 8. (Color online) Temperature profiles under the uniform distribution

of magnetic nanoparticles.

FIG. 9. (Color online) Temperature profiles under the superficial distribu-

tion of magnetic nanoparticles.
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bioheat equation, (ii) the appearance of the convection term

in the tissue DPL bioheat equation due to the blood velocity,

and (iii) the appearance of sophisticated heat source terms in

energy equations for blood and tissue temperatures.

DPL bioheat equations enjoy a very beautiful solution

structure under linear boundary conditions: inter-expressible

contributions of the initial temperature distribution, the

source term and the initial rate of the change of temperature.

Eleven solution structure theorems are developed in Carte-

sian, polar, cylindrical, and spherical coordinates for

expressing solutions due to initial temperature distribution

and source term by solutions due to the initial rate of temper-

ature changes. They form a powerful tool for effectively

resolving the DPL bioheat equations. This has been verified

by the study of bioheat transport in skin tissue and during

magnetic hyperthermia which has also revealed characteris-

tics of different bioheat models and exemplified rich features

of bioheat transport processes.
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