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Abstract
We examine numerically the effects of particle–fluid thermal conductivity ratio, particle
volume fraction, particle size distribution and particle aggregation on macroscale thermal
properties for seven kinds of two-dimensional nanofluids. The results show that the radius of
gyration and the non-dimensional particle–fluid interfacial area are two important parameters
in characterizing the geometrical structure of nanoparticles. A non-uniform particle size is
found to be unfavourable for the conductivity enhancement, while particle-aggregation
benefits the enhancement especially when the radius of gyration of aggregates is large.
Without considering the interfacial thermal resistance, a larger non-dimensional particle–fluid
interfacial area between the base fluid and the nanoparticles is also desirable for enhancing
thermal conductivity. The nanofluids with nanoparticles of connected cross-shape show a
much higher (lower) effective thermal conductivity when the particle–fluid conductivity ratio
is larger (smaller) than 1.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Choi coined the term ‘nanofluids’ for fluids with nanoparticles,
nanotubes or nanofibres suspended in them [1]. Recent
experiments have shown their promising thermal properties
such as two-fold increases in thermal conductivity [2], three-
fold increases in critical heat flux (CHF) in boiling heat transfer
[2–4] and substantial increases in convective heat transfer
coefficient [5, 6]. However, there is still a lack of agreement
between experimental results in the literature with respect to
the effects of the particle size [7–11], volume fraction [7, 10–
15] and temperature [7, 11, 14–16] on the thermal conductivity
enhancement of nanofluids. This has attracted research
on the mechanism responsible for the reported conductivity
enhancement. Suggested reasons include Brownian motion of
the nanoparticles [17–20], liquid-layering at the particle–liquid
interface [21, 22], nanoparticle aggregation [23–26] and the
nature of heat transfer at the microscale [27, 28]. At the same
time, some findings tend to disqualify all these mechanisms
[26, 27, 29, 30]. Therefore, our understanding on the heat
conduction in nanofluids is inadequate.

The fact that the enhancement in thermal properties comes
from the presence of nanoparticles has directed research

1 Author to whom any correspondence should be addressed.

efforts nearly exclusively towards thermal transport at the
microscale. However, thermal conductivity is a macroscale
phenomenological characterization of heat conduction and its
measurements are performed at the macroscale rather than
microscale. Therefore, interest should focus not only on what
happens at the microscale but also on how the presence of
nanoparticles affects the heat transport at the macroscale.

In an attempt to determine how the presence of
nanoparticles affects the heat conduction at the macroscale and
isolate the mechanisms responsible for the reported significant
enhancement of thermal conductivity, a macroscale heat-
conduction model in nanofluids has recently been developed
by scaling up the microscale model for heat transfer in the
nanoparticles and in the base fluids [15, 31]. The approach
for scaling up is the volume averaging [32–34] with the
help of multiscale theorems [34]. The result shows a dual-
phase-lagging heat conduction in nanofluids at the macroscale
[15, 31, 35, 36]. The governing equations regarding the effect
of the microscale physics on macroscale thermal properties of
nanofluids have also been developed [31].

This work focuses on how the nanofluid microstructure
affects its effective thermal conductivity (ETC) by numerically
solving the model in [31] for seven kinds of two-dimensional
nanofluids. The considered microscale parameters include
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Figure 1. Unit cells for nanofluids containing in-line arrays of circular cylinders (a), staggered arrays of circular cylinders (b), in-line arrays
of circular particle aggregates (c), (d), cross cylinders (e), hollow cylinders (f ) and cross-particle networks (g).

particle–fluid thermal conductivity ratio, particle volume
fraction, particle size distribution, separation distance between
particles and particle-aggregation morphology. As the
first attempt of such a simulation, the effect of interfacial
thermal resistance and dynamic processes on particle–fluid and
particle–particle interfaces is not considered. The aggregates
considered in this work are limited to those that are still
well dispersed in the base fluid without settling out of the
fluid. Our work also centres on the microstructural effects on
ETC without attempting to address or model how aggregates
are formed. We limit the present simulation to the two-
dimensional case with an attempt to extend it to the three-
dimensional case in the future.

2. Governing equations and numerical algorithm

In this work, we use symmetric unit cells illustrated in
figures 1(a)–(g) to represent nanofluids that contain in-line
arrays of circular cylinders (a), staggered arrays of circular
cylinders (b), circular cylinder aggregates (c), (d), cross
cylinders (e), hollow cylinders (f ) and cross-particle networks
(g), respectively.

In the macroscale heat-conduction model in nanofluids
[15, 31], there are five transport coefficients that represent the
effects of microscale physics on macroscale heat conduction:
Kff , Kfp, Kpf , Kpp and hav. For an isotropic system with
constant physical properties of the two phases they reduce to
scalars and are given by [15, 31, 37]

kff = (1 − ϕ)kf +
∫

Afp

nfpkfbI dA, (1)

kfp = kpf = −
∫

Afp

nfpkpbI dA, (2)

kpp = ϕkp +
kp

kf

∫
Afp

nfpkpbI dA, (3)

hav = ϕ∫
Vp

S dV
. (4)

Here kf and kp are the thermal conductivities of the base fluid
and the particle, respectively. nfp is the outwardly directed unit
normal vector pointing from the base fluid to the particle. ϕ is
the particle volume fraction. Afp and VP are the surface area of
the particle–fluid interface and the particle volume inside the
unit cell. hav is the volumetric particle–fluid interfacial heat
transfer coefficient, with av being the interfacial area per unit
volume [31, 37]. bI and S are the two closure variables that
link microscale and macroscale [31, 37]. For a symmetric unit
cell bI and S are the solutions of the following two problems
[31, 37]:

Problem I
∇ · (k∇bI) = −∇ · (φfk) , (5a)

bI (x + lu) = bI(x), bI (y + lu) = bI(y), (5b)∫
Vf

bI dV = 0,

∫
Vp

bI dV = 0. (5c)

Problem II

∇ · (k∇S) = −
(

φp

ϕ
− φf

1 − ϕ

)
, (6a)

S (x + lu) = S(x), S (y + lu) = S(y), (6b)∫
Vf

S dV = 0, hav

∫
Vp

S dV = ϕ. (6c)

Here Vf stands for the fluid volume inside the unit cell;
lu represents unit-cell’s dimensions in both the x- and y-
directions (figure 1). φf , φp and k are defined by

φf =
{

1, in Vf ,

0, in Vp,
φp =

{
0, in Vf ,

1, in Vp,
(7)

k =
{
kf , in Vf ,

kp, in Vp.
(8)

The thermal conductivity of the two phases and the
microstructure will affect the five macroscopic transport
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Figure 2. Grid arrangements.

coefficients—kff , kfp, kpf , kpp and hav—via varying bI and S.
Furthermore, the nanofluid ETC ke is [15, 31]

ke = kff + kpp + 2kfp. (9)

For unit cells that are symmetric with respect to both x and y,
we have [37]

bI(x, y) = bI(x, −y), bI(x, y) = −bI(−x, y), (10a)

S(x, y) = S(x, −y), S(x, y) = S(−x, y). (10b)

By imposing the periodic boundary conditions (equations (5b)
and (6b)), we can readily show that

bI

(
− lu

2
, y

)
= 0, bI

(
lu

2
, y

)
= 0, (11a)

∂bI

∂y

(
x, − lu

2

)
= 0,

∂bI

∂y

(
x,

lu

2

)
= 0, (11b)

∂S

∂y

(
− lu

2
, y

)
= 0,

∂S

∂y

(
lu

2
, y

)
= 0, (11c)

∂S

∂y

(
x, − lu

2

)
= 0,

∂S

∂y

(
x,

lu

2

)
= 0. (11d)

Since the solutions of problems I and II are unique, we can
replace the boundary conditions (5b) and (6b) by equations
(11a)–(11d) without changing their final solutions.

Problems I and II with boundary conditions (11a)–(11d)
are solved numerically. The numerical scheme is based on
the finite volume method which is an adaptation of that in
[38, 39]. The main features of this method include a central
difference scheme for the diffusion terms and an equation-
solving scheme consisting of an alternating-direction line-
by-line iterative procedure (ADI) with the block-correction
technique.

The computational grid covers the whole unit cell with a
densely distributed grid in the particle region. Figures 2(a)–
(c) illustrate such grids by taking the unit cells in figures 1(a),
(b) and (d) as examples. The region width with a densely
distributed grid (lc/lc1/lc2) is about 1.5 times the dimension
of particle or particle aggregate (lp/lp1/lp2). In both regions
with the densely distributed and loosely distributed grids,
respectively, the grid size is uniform with the same mesh
size in the x- and y-directions. We check the variation of
computational results by reducing the grid size in each region
into a half until the variation is less than 1% so that the
results are considered to be grid-size independent. The grid
numbers that yield the grid-size-independent solution are listed
in tables 1 and 2. The solution is assumed to be convergent
in a numerical sense if the maximum relative error in each of
the computed variables over the whole grids is less than 10−8

between successive iterations.
The initial calculation for the unit cell containing a circular

particle (figure 3) and with ϕ = 0.2 is performed to verify the
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Table 1. Grid number used in the densely distributed grid region (Ns) and loosely distributed grid region (Nl) for problem I.

Grid Unit cell Number (Ns : Nl)

kp/kf Figures 1(a) and(b) Figures 1(c) and (d) Figure 1(e) Figure 1(f ) Figure 1(g)a

0.01, 0.02 1600/200 1600/200 1600/200 1600/200 1600/0
0.04, 0.1 800/100 800/100 800/100 800/100 1600/0
0.2–2 800/100 800/100 800/100 800/100 800/0
4,10 1600/200 1600/200 1600/200 800/100 1600/0
20,40 1600/200 3200/400 3200/400 1600/200 3200/0

a Densely distributed grid is used over the whole unit cell for nanofluids containing cross-particle
networks as shown in figure 2(d).

Table 2. Grid number used in the densely distributed grid region (Ns) and loosely distributed grid region (Nl) for problem II.

Grid Unit cell Number (Ns : Nl)

kp/kf Figure 1(c) Figure 1(d) Figure 1(e) Figure 1(f ) Figure 1(g)a

0.01, 0.02 800/100 400/50 800/100 400/50 800/0
0.04–0.4 800/100 400/50 400/50 400/50 400/0
1–10 400/50 400/50 400/50 400/50 400/0
20, 40 400/50 400/50 200/26 200/26 400/0

a Densely distributed grid is used over the whole unit cell for nanofluids containing
cross-particle networks as shown in figure 2(d).

 
 

 
 

 

 

 

Figure 3. Comparison of macroscale effective coefficients in this
work with those in [37] for the case of in-line arrays of circular
cylinders at ϕ = 0.2.

code and the accuracy. The variations of kff/kf , kfp/kf , kpp/kf

and havl
2
u/kf with kp/kf are shown and compared with those

in [37] in figure 3, showing an excellent agreement between
our results and those in [37].

3. Results and discussion

3.1. Effect of particle aggregation

The effects of particle aggregation on ETC of nanofluids are
examined by changing the relative separation distance between
four circular particles defined by LA/r0 (figure 1(a)). Here r0

and LA are the particle radius and the distance between one
particle and the centreline of unit cell, respectively (figure 4).
The case of uniformly dispersed in-line arrays of circular
cylinders corresponds to a maximum value of LA/r0 fixed
by the particle volume fraction. When LA/r0 = 0, the
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Figure 4. Non-dimensional thermal conductivity (ke/kf − 1)/ϕ as a
function of the relative distance LA/r0, particle volume fraction ϕ
and thermal conductivity ratio kp/kf .

four particles touch with each other to form an aggregate
and such aggregates disperse uniformly in the base fluids.
Figure 4 shows the variation of the non-dimensional thermal
conductivity (ke/kf − 1)/ϕ as a function of the relative
distance LA/r0, particle volume fraction ϕ and thermal
conductivity ratio kp/kf . The (ke/kf −1)/ϕ decreases sharply
with increasing LA/r0 when the relative distance LA/r0 is less
than 1, but is nearly independent of LA/r0 when LA/r0 is
larger than 1. Therefore, the effect of particle aggregation
on the ETC would become effective and observable when the
distance between particles is less than the particle dimension.
The (ke/kf − 1)/ϕ also increases with an increase in either
the particle volume fraction ϕ or the thermal conductivity
ratio kp/kf .
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3.2. Effect of particle size distribution

To examine the effects of particle size distribution on the
ETC, we vary Rs/Rc (the radius ratio of four corner particles
to the centre particle in figure 1(b)) from 0 to 1. When
Rs/Rc = 0, nanofluids consist of in-line arrays of uniform-
sized circular cylinders. When Rs/Rc = 1, nanofluids contain
staggered arrays of uniform-sized circular cylinders. Figure 5
typifies the variation of non-dimensional thermal conductivity
(ke/kf − 1)/ϕ with Rs/Rc, showing that a variation of Rs/Rc

from either 0 or 1 decreases (ke/kf − 1)/ϕ. Therefore, the
uniformly distributed particle size is preferable for achieving
a higher non-dimensional thermal conductivity. Compared
with the effect of the particle aggregation shown in figure 4,
however, the effect of particle size distribution is very weak
(figure 5).

3.3. Effect of particle-aggregation morphology

Figure 6 shows the ETC ratio ke/kf for the three different
particle-aggregation morphologies (square-aggregation in
figure 1(c), cross-aggregation in 1(d) and cross particle in 1(e),
respectively). Both figures 1(c) and (d) represent aggregates
of nine equal-sized circular particles. For the fixed particle
volume fraction, therefore, the non-dimensional particle–fluid
interfacial area in the unit cell (defined in table 3; all lengths
being normalized by the unit cell’s dimension lu) is the same
for both cases (our previous study has shown a significant
dependence of ke/kf on this non-dimensional interfacial area
[40]). Due to the different aggregation morphology, however,
the radius of gyration Rg defined by the root mean square
distance of the aggregate’s parts from its centre [41] is larger
for the aggregate in figure 1(d). For the same non-dimensional
particle–fluid interfacial area as that for the square-aggregation
in figure 1(c) and the cross-aggregation in 1(d), we specify the
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Figure 6. ETC ratio ke/kf as a function of particle-aggregation
morphology, kp/kf and ϕ.

dimensions of the cross particle in figure 1(e) by

wb

lu
= 3

√
πϕ − √

9πϕ − 4ϕ

2
, (12)

lb

lu
= ϕ − (wb/lu)

2

4 (wb/lu)
. (13)

Here wb and lb are the width and length of the cross particle
branch shown in figure 6, respectively. Obviously, the branch
width wb is smaller than the diameter of the circular particle
in the aggregates in figures 1(c) and (d) so that the radius of
gyration in figure 1(e) is larger than that in either figures 1(c)
or (d).

The value of ke/kf is nearly independent of particle-
aggregation morphology around kp/kf = 1 (figure 6). When
kp/kf is smaller than 1, ke/kf has the lowest value for the
cross particle in figure 1(e) and the highest value for the
square-aggregation in figure 1(c). When kp/kf is larger than
1, however, ke/kf has the highest value for the cross particle
in figure 1(e) and the lowest value for the square-aggregation
in figure 1(c). Therefore, the effect of particle-aggregation
morphology varies with the particle–fluid conductivity ratio.
An upgrade of the radius of gyration from figures 1(c) to
1(e) by changing the particle-aggregation morphology will
decrease ke/kf when kp/kf � 1 but increase ke/kf when
kp/kf � 1. Furthermore, the sensitivity of ke/kf to the particle-
aggregation morphology becomes stronger as the particle
volume fraction ϕ increases (figure 6).

The ETC ratio ke/kf increases with increasing particle–
fluid conductivity ratio kp/kf . The dependence of ke/kf

on kp/kf becomes stronger with an increase in the particle
volume fraction ϕ. The sensitivity of ke/kf to kp/kf becomes
stronger from the square-aggregation in figure 1(c) to the cross-
aggregation in 1(d) and the cross particle in 1(e). For both the
square-aggregation in figure 1(c) and the cross-aggregation in
1(d), ke/kf tends towards a lower limit for very small kp/kf and
a higher limit for very large kp/kf (figure 6). Both the lower
and the higher limits depend on the particle volume fraction
and the aggregation morphology.
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Table 3. Non-dimensional particle–fluid interfacial areas in the unit cell for nanofluids in figures 1(c)–(f ).

Particles/aggregates Non-dimensional particle–fluid interfacial area in unit cell

Figure 1(c) 9 · 2π(r/lu) = 6
√

πϕ; r is the radius of the small circular particles, particle volume fraction ϕ = 9 · π (r/lu)
2 .

Figure 1(d) 9 · 2π (r/lu) = 6
√

πϕ; r is the radius of the small circular particles, particle volume fraction ϕ = 9 · π (r/lu)
2 .

Figure 1(e) 4 · ((2lb + wb)/lu) = 2 · ((ϕ + (wb/lu)
2)/(wb/lu));

particle volume fraction ϕ = 2 · (wb/lu) · (2lb + wb)/lu − (wb/lu)
2 .

Figure 1(f ) 2π ((R0/lu) + (R0 − wh)/ lu) = 2
√

(2(R0/wh) − 1) · πϕ;
particle volume fraction ϕ = π (R0/lu)

2 − π((R0 − wh)/ lu)
2.
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Figure 7. ETC ke/kf as a function of kp/kf and ϕ for two particles
with the same radius of gyration but different non-dimensional
particle–fluid interfacial area.

3.4. Effect of non-dimensional particle–fluid interfacial area

For the effect of non-dimensional particle–fluid interfacial area
(table 3) on the nanofluid ETC, we compare the ETC ratio
ke/kf for nanofluids in figures 1(e) and (f ) in figure 7. In our
simulation, we keep the same particle volume fraction ϕ and
radius of gyration for both types of nanofluids by determining
the dimensions of hollow particle in figure 1(f ) by

π

(
R0

lu

)2

− π

(
R0 − wh

lu

)2

= ϕ, (14)

(
2
lb

lu
+

wb

lu

)3
wb

lu
+

(
2
lb

lu
+

wb

lu

) (
wb

lu

)3

−
(

wb

lu

)4

6ϕ

=

(
R0

lu

)2

+

(
R0

lu
− wh

lu

)2

2
. (15)

Here R0 and wh are the outside radius and the wall-thickness
of the hollow particle, respectively (figure 7). The non-
dimensional particle–fluid interfacial area of the cross particle
is about 9% larger than that of the hollow particle. For the
cross particle in figure 1(e), the ETC ratio ke/kf is lower
when kp/kf is smaller than 1 and higher when kp/kf is larger
than 1. Therefore, the effect of non-dimensional particle-
fluid interfacial area varies with the particle–fluid conductivity

ratio. A downgrade of the non-dimensional interfacial area
from figures 1(e) to 1(f ) will increase ke/kf when kp/kf � 1
but decrease ke/kf when kp/kf � 1. The sensitivity of ke/kf

to the non-dimensional interfacial area becomes stronger as
the particle volume fraction ϕ increases (figure 7). Also,
ke/kf increases as kp/kf increases and its kp/kf -dependence
is stronger for the nanofluids with cross particles in figure 1(e)
(figure 7).

Here the non-dimensional particle–fluid interfacial area
differs from the particle surface-to-volume ratio. For a fixed
value of the particle volume fraction, the former depends on
the particle shape so that we can use it to characterize the
effect of particle shape. The latter is useful for characterizing
the effect of particle size. The particle size could affect the
ETC of nanofluids through various means such as the particle
Brownian motion [17], the particle thermal conductivity [9],
the interfacial thermal resistance [9] and even the particle
aggregating process and the geometrical structure of the
aggregates [24]. The readers are referred to [24] for a good
review and discussion of the role of particle size in varying
nanofluid thermal conductivity.

3.5. Parameters for characterizing effects of particles’
geometrical structures

To address whether we can characterize the effects of particles’
geometrical structures by using their radius of gyration and
non-dimensional particle–fluid interfacial area in the unit cell,
we examine the four macroscale thermal coefficients and the
ETC ratio in figure 8 for nanofluids containing the cross and
hollow particles, respectively (figures 1(e) and (f )), at ϕ =
0.05. For the same radius of gyration and non-dimensional
interfacial area for both cases, we fix the dimensions of cross
and hollow particles by equations (13)–(16):

4 · 2lb + wb

lu
= 2π

(
R0

lu
+

R0 − wh

lu

)
. (16)

Figure 8 clearly shows that the four macroscale thermal
coefficients and the ETC ratio are almost the same for
two particles. Therefore, the radius of gyration and non-
dimensional interfacial area are two very important parameters
to characterize the effects of particles’ geometrical structures.

It is interesting to note that well-controlled linear
aggregates can be generated along the direction of heat flux
in Fe3O4 based nanofluids under an applied external magnetic
field [24]. The experimental data regarding the effect of
the aspect ratio of such linear aggregates are also available
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Figure 8. Macroscale thermal coefficients for the two particles with
the same non-dimensional particle–fluid interfacial area, radius of
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in [24]. Note that the nanofluids with such linear aggregates
are anisotropic with a direction-dependent ETC. It would be
very interesting to perform a numerical simulation for such
anisotropic nanofluids with asymmetric unit cells and make a
comparison with the available experimental data in [24] in the
future. In that case, problems I and II are different from the
ones used in this work [31, 37].

3.6. Four macroscale thermal coefficients and the case of
infinite radius of gyration

Note that particles with a large radius of gyration are beneficial
for the enhancement of the ETC when the particles have a
higher thermal conductivity than the base fluids (figure 6). To
confirm this further, we compute the four macroscale thermal
coefficients and the ETC ratio for nanofluids consisting of
the cross-particle network shown in figure 1(g) which has
an infinite radius of gyration and compare the results with
those for square-aggregation in figure 1(c), cross-aggregation
in figure 1(d) and cross particle in figure 1(e).

Figure 9 shows the variation of the non-dimensional
thermal coefficient kff/kf as a function of the particle-
aggregation morphology, thermal conductivity ratio kp/kf

and particle volume fraction ϕ. The coefficient kff/kf is
nearly independent of the particle-aggregation morphology
when kp/kf is larger than 1, but experiences a significant
decrease when kp/kf � 1 in response to the change in
particle-aggregation morphology from the square-aggregation
in figure 1(c) to the cross-aggregation in 1(d), the cross particle
in 1(e) and the cross-particle network in figure 1(g). Its
sensitivity to the particle-aggregation morphology becomes
stronger as the particle volume fraction ϕ increases. As kp/kf

increases towards infinity, the coefficient kff/kf increases and
tends to a limit value of (1 − ϕ). Also, the kp/kf -sensitivity
becomes stronger as particle-aggregation morphology shifts
from the square-aggregation in figure 1(c) and the cross-
aggregation in figure 1(d) to the cross particle in figure 1(e)
and the cross-particle network in figure 1(g) (figure 9). As the
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Figure 9. Non-dimensional thermal coefficient kff/kf as a function
of particle-aggregation morphology, kp/kf and ϕ.
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Figure 10. Non-dimensional thermal coefficient kfp/kf as a function
of particle-aggregation morphology, kp/kf and ϕ.

particle volume fraction ϕ increases, however, the coefficient
kff/kf decreases considerably.

Figure 10 illustrates the variation of the non-dimensional
coefficient kfp/kf with the particle-aggregation morphology,
the thermal conductivity ratio kp/kf and the particle volume
fraction ϕ. Similarly, the kfp/kf for the cross-particle network
differs considerably from those for the square-aggregation in
figure 1(c) and the cross-aggregation in figure 1(d) and the
kfp/kf for the cross particle in figure 1(e) falls in between. The
kfp/kf for the cross-particle network is much higher than the
others when kp/kf is smaller than 1 and much lower when kp/kf

is larger than 1. The sensitivity to the particle-aggregation
morphology becomes stronger as the particle volume fraction
ϕ increases. Also, the coefficient kfp/kf increases as kp/kf

increases. For both the square-aggregation in figure 1(c) and
the cross-aggregation in figure 1(d), the kfp/kf tends towards
0 as kp/kf decreases to 0 and towards a limit value of ϕ as
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Figure 11. Non-dimensional thermal coefficient kpp/kf as a
function of particle-aggregation morphology, kp/kf and ϕ.

kp/kf increases to infinity. The variation of kfp/kf with kp/kf

becomes more significant as ϕ increases. Moreover, as the
particle volume fraction ϕ increases, the coefficient kfp/kf

increases significantly.
The variation of kpp/kf with the microstructure is shown

in figure 11. It is nearly independent of the particle-
aggregation morphology when kp/kf is less than 1 and
increases significantly when kp/kf is larger than 1 in response
to the change in particle-aggregation morphology from the
square-aggregation in figure 1(c) and the cross-aggregation in
figure 1(d) to the cross particle in figure 1(e) and the cross-
particle network in figure 1(g) (figure 11). Its sensitivity
to the particle-aggregation morphology becomes stronger as
the particle volume fraction ϕ increases. As kp/kf increases
from 0 to infinity and for the square-aggregation in figure 1(c)
and the cross-aggregation in figure 1(d), the coefficient
kpp/kf increases from 0 to a limit value that depends on the
aggregation morphology and the particle volume fraction. For
the cross-particle network in figure 1(g), however, kpp/kf tends
to increase sharply with kp/kf when kp/kf is larger than 1
although kpp/kf increases with increasing kp/kf and has a lower
limit of 0. The change in kpp/kf with kp/kf becomes more
significant as ϕ increases. As the particle volume fraction ϕ

increases, the coefficient kpp/kf also increases significantly.
Figure 12 shows the variation of the non-dimensional

heat transfer coefficient havl
2
u/kf . It increases significantly

as the particle-aggregation morphology changes from the
square-aggregation in figure 1(c) to the cross-aggregation in
figure 1(d), the cross particle in figure 1(e) and the cross-
particle network in figure 1(g) (figure 12). The coefficient
havl

2
u/kf for the cross network in figure 1(g) is much higher

than the others (figure 12). Also, the havl
2
u/kf increases

as kp/kf increases, with the sensitivity becoming stronger
as the particle-aggregation morphology changes from the
square-aggregation in figure 1(c) and the cross-aggregation in
figure 1(d) to the cross particle in figure 1(e) and the cross-
particle network in figure 1(g). An upgrade of the particle
volume fraction ϕ yields a significant increase in havl

2
u/kf
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Figure 12. Non-dimensional heat transfer coefficient havl
2
u/kf as a

function of particle-aggregation morphology, kp/kf and ϕ.
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Figure 13. ETC ke/kf as a function of particle-aggregation
morphology, kp/kf and ϕ.

for the first three types of nanofluids. However, havl
2
u/kf

for the cross-particle network in figure 1(g) shows a different
behaviour and it increases with ϕ when kp/kf is larger than 1
and decreases with ϕ when kp/kf is less than 1.

Finally, in figure 13, the ETC of the cross-particle
network suspensions is compared with those of the other
three suspensions and the two-dimensional Hashin–Shtrikman
(H–S) bounds (for macroscopically homogeneous and
isotropic systems, [42])

ke/kf = kp/kf

[
1 − 2 (1 − ϕ)

(
kp/kf − 1

)
2kp/kf − ϕ

(
kp/kf − 1

)
]

. (17)

The H–S bound, given by equation (17), is the most restrictive
upper bound when kp/kf is larger than 1 and the most restrictive
lower bound when kp/kf is less than 1.

The ETC for the nanofluids with the connected cross-
particle network in figure 1(g) is much higher than the other
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three types of nanofluids when kp/kf is larger than 1 and
much lower when kp/kf is less than 1. Their conductivity can
practically reach the 2D H–S bound (figure 13). Therefore,
future efforts should focus on the synthesis of nanofluids
containing particles/aggregates with large radius of gyration
and large non-dimensional interfacial area to maximize the
effect of added particles on the conductivity enhancement.

4. Concluding remarks

The macroscopic heat-conduction behaviour and the thermal
conductivity of nanofluids are determined by the molecular
and microscale physics in them, including material properties
of nanoparticles and base fluids, nanoparticles’ geometrical
structures and their distribution in the base fluids and
interfacial properties and dynamic processes on particle–
fluid interfaces. This work examines numerically how
microscale physics affects the ETC for nanofluids containing
two-dimensional circular, cross and hollow particles, circular
particle aggregates and connected cross-particle networks,
without considering interfacial thermal resistance and dynamic
processes on particle–fluid interfaces and particle–particle
contacting surface.

The simulation results on nanofluids containing in-line
arrays of circular cylinders show that particle aggregation
affects the ETC only when the distance between particles is
less than the particle dimension.

Uniformly sized particles are desirable for the conduc-
tivity enhancement. Although particle aggregation probably
leads to non-uniform suspended aggregate sizes in practice and
thus yields a negative effect on the conductivity enhancement,
the positive effect of particle aggregation is much stronger than
its negative effect.

The non-dimensional particle–fluid interfacial area and
the particles’ radius of gyration are two very important
parameters to characterize the effect of particles’ geometrical
structures on thermal conductivity of nanofluids. The
particle aggregation with a larger radius of gyration and large
non-dimensional interfacial area is more beneficial to the
conductivity enhancement. The ETC for nanofluids with
connected cross-particle network can practically reach the two-
dimensional H–S upper bound (when kp/kf > 1) and lower
bound (when kp/kf < 1).
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